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CHAPTER I

INTRODUCTION

A periodic planar phased array antenna is made up of radi-
ating elements that are identical in geometry and are arranged in -4

a planar and doubly periodic lattice. The periodic nature of phased
arrays lends itself to radiation patterns which can be scanned
electronically in microseconds. This is accomplished by excltinq
adjacent elements of the array with appropriate constant incre-mental pha.e shifts. Phased array antennas have the important

property that the hea n pattern of the array is the same whether
it Is operatino as a transmitter or receiver. This feature make-,
nhased array antenna% A practical device for radnr sytem,. Due
to the anilitv of the phased array beam, the number of tarqets which
a radar system can detect ani track is increased over that of con-
ventional antennas. Improvements in phase shifters such as semi-

I condutor diodes offers increased accuracy and reliahility of the
- array ]

Most phased arrav analysis to date has used infinite array
techniques to analvze'"lar e' finite arrays. In large planar arrays
the majority of the inner core elements behave nearly uniformly.
Important characteristics of the large array can be approximated
well by modeling it with an infinite ar ..y whose elements exhibit
a uniform behavior throughout the arr4y . As the larqe finite
array hec,es imall cr the infinite array model will tend to be

I invalid. This is due to the radiation and reflection characteris-
tics of elements of the airay being strongly dependent on their
location. An approximation to the behavior of a finite array can
be obtained by using infinite arrv techniques when only a finite
number of elements arp excited in in infinite array environment,
as done by Amitav, Galindo, and Wu'. In "classical" array theory
finite arrays are analyzed by neqlecting the mutual coupling be-
tween array elements. The resultinq array beam pattern is expres-
sed as a product4 of the array factor and the pattern function of
an array element . In general, mutual coupling between array ele-
ments cannot ne iqnored.

This paper considers the effects of mutual couplinq in finite
rectanqular qrid phmsed arrays of rectanqular and square waveguides
in an infinite qround plane. The problem is formulated usin.q the

i equivalen~ce principle and the method of moments to obtain an ap-

[ proximat on to the aperture distribution of each element of the
,rrmv. The ,iperture distribution is then used to obtain the scat-
tered field in the waveguide frwn which the apertt,-e reflection
coefficient of a single element can be obtained. Chapter II first
discusses the general tormulation for single aperture couplinq.



In Chapter III the formul at ion is SPOCi all zed to the case Of a
single probe-fed cavity-backed slot antenna in an infinite ground
plane. Reflect ion coefficients for square and rectanqul ar wave-
cpr'cde-fed ap-'rtures are computed and compared against data in the
I i t-rature. In Chapter IV the formulation is extended to anal *yze
a finite arra *Y of wavequlde-fed aportures in an infinite ground
plAne. A recent R aper by Lti7wick and HArrinqton has also consid-
ered this problem .Results are presented for the reflection coef-
ficients of elements in finite phased arrays of sl~e M x M, where
M is ndd. The reflection copfficient data presented will be for
arr-ays with 7ero wavequlide wall thickness,. Since the method is
not restricted to 7oro wavequide wall thickness, the effect of
finite wall thickness is also examined.
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GENFRAL FORMU!LATION FOR ANALY71NG APERTURE
COUPLING RETWEN TWt) RFGIONS

A. Introduction

In this chapter a formulation for determining the aperture
coupling between two arbitrary regions will be presented. ThR
formtulation closely f ollows work done by Harrinqton and Mautz

3 on general aperture coupling and is included tor completeness.
The problem is formulated using the equivalence principle to obtain
an operator, eqiation for the unknown aperture distribution. The
method of moments is then used to solve the operator equation for
an approximate solution to thy aperture distribution. A discus- _
sion of the method of moments'' (also referred to as the method
of weighted residuals) is presented in Appondix F for complete-
ness. The importance in determining the aperture distribution
is that frcn it the reflection and transmission properties of the
,porture can he dtermined. It is inherent in the formulation

that the aperture couplinq is represented hy the sum of two in-
dependent admittance matrices, one for each region. Some examples
of problums that can he solved usinq this formulation are apertuJres
in a condUCtinQ screen, wavequide-fed apertures, cavity-fcd aper-
tures, waveqjiide-to-wavequi de coupling, wavequide-to-cavity coup-
linq and cavity-to-cavity coupling.

B. Theory

In this section the general problem of aperture couplinq be-
tween two reqions is considered. Fiqure ?-1 shows two reqions
a and h coupler 4 by an aperture. Reqion a contains impressed elec-
tric and magnetic sources Q-., N ) and reqivn b is assumed source
free (if sources were preseni in both regions the problem could
be analyzed by using superposition). Region a is shown closed
and region b is shown open, but in generji each reqion may be open
or closed. By the equivalence principle the total field ir region
a is produced by the impressed sources (Ji' Mi ) plus the equiva-
lent magnetic current

N ~ : I xn (?-1)

over the aperture region, with the aperture covered by a perfect
electric Londltctor. In Equation (?-1) 17 is the total electric

j field and n is the unit normal to the auerture. The total field
in region b is generated by the equivalent magnetic current - 1
over the aperture region, with the aperture covered by a perfec
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010eCc co1du)Ctor-. The equivilent situations for reaions a and
h are shown in Figure 2-. The magnetic currents P and ~Sat is-
fy tho condition that the tangential component of tA(e Clect iC
field be continuous across the aperture. An oper'Ator equation
involvinq the unknown current R can be ohtainedi by sat isfying
the reinaining houndiry conditioA that the tannenti'al compo'nent
of the magnetic field be continuous across the aperture.

The contribution to the tannqential component of the inagnetic
field in reqion j.denoted by P1a over the aperture is frorn the
incident fiel'd TT due to the im~ressed sources 0 N and the
scattered field VP which is found by soine opdrati~n onl the
equivalent sourtce tA that is.
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In Equation (2-2) the incident and scattered f ields are both corn-
puteli with t perfect electric conductor covering the aperture.
In region h the tangential component of the magnetlc field over
the iperture is due to the equivalent source -N5, that is,

TIb F1 .( (2-3)

i,, i~lulaed itha prfec elctr cndutorcovterinq the 6
ture Enorcnn he otidar coditon hatthetanciential comn-

pnnt of the magnetic field be continuous acrcss the aperture
is done by sttinc Fquation (-)equal to Fquation (P-3) resulting
in

Ant S. th*o anpb(

Futhen b24 stedsrdoprtreuto o eterm b-n

The true3olution for the gei current M isulobtaioed

hy uingthetrial functim! expansion

' V n -T) Rs(2-5)

where n isreferred to as a trial function, expansion function,
orbasis functi'n,

K()is the terminal current in volts which normalizes
Mand is found by integrating om the width of

MrI at it's terminals (thus, IR n/K is a "normalized"
h~sis function),

V sthe unknown coefficient in volts associated with
i nto be determined, and

N i s thp numher of unknowns.
Siihst i ntt loI [quetion (?-5) into Equation (P-4) and using line-
arity, the residual is now defined over the aperture region as

N a M) N
Y V n t(n + YV Tt(Mn) + R1~

ri-i TY n =I rUi +

6



3.,fin e i a set of norm al zted welqht Inq or testinq t unctions W 1K( ) ,

m ,,- IN otqual to the normal ized expansion functions (Galrk in's
method ) and an inner product

, - f.* N • His. (0-7)
aper t ure

The ,w-tsidal is now minimized by t, the inner product of the
normalized weighting functions M/K with the residual and set-
ting It equal to zero. This res lts in the simulteneous equations

N <R O(Mn) N <R t (M <M,S V M -.6 -(s -n V V - 'ni Kt n - ... . t-'--

nnn n t K

I Mm,Il (Mn) <MmH I (n

Recoqnirinq the qtiantities -K rm-K-F - and-Krni) n- as ad-

mittances (since they havy nIt of mhos)
and he qiaif i y nlq t

an the quaity Kn-- as current (since it has units of

,imperos) erahles Eqetion ('-R) to he written as

N
V (y, + Yh m-1 N P2-9)

n l mn n l l

Tn matrix notation the solution for the coefficients Vn in volts
hecnme, by matrix inversion,

(V) • I 1ya ] + I yb I- (1) (-10)

lhese coefticient% are then substituted into Equation (?-5) to
determine M Once PS has been found, standard methods can be used
to coinpute he f Iv1ds In retlions a and b.

Due to the way the preblven was formulated the two cTnittance
matric. % in Equation (?-10) are independent. Thus Y ] is ccwn-
puted troi'c the characteristics of region a and [ Y] is cnputed
fron the characteristics of region b.

oI ('h,ipter Ill the ahove formulation will bh applied to the
probh Itn of cal('iliatinq the apertture reflection co,,fficlent of probe-
fod 'avitv-hacked slot antenna,. In Chapter IV the method will
he extended tn lhandle finite arrays of wavequIde-fed apertures in an
infinite qround plane.

Ii
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CHAPTER I!
API 1)TURN RI I LI (I ION COEFFICIENT OF A SINGLf WAVEGUIID[-F[I)

APERTURE IN AN INFINITE GROUND PLANE

A. Introduction

This chapter considers a calculation of the TE aperture
reflection coefficient for a probe-fed rectanqular £QR\eguide open-
ing into an infinite ground plane, as shown in Figure 1-). In
this paper the lonq dimension of the rectangular aperture is re-
ferred to as the aperture lenqth (H-plane), while the narrow di-
mension is referred to as, the aperture width (' -'ane). Using
the theory discussed in Chapter II the induced rture distri-
hution can he found due to the probe so'jrce. lhi appture dis-
trihution is used to calculate the scattered field in the wavequide.
The reflection coefficient is found by takinq the ratin of the
reflected and incident fields at the midpoint of the aperture.
First, the thnory for analyzinq the general case of a wavequide
with an iris at the aperture will be presented. Reflection coef-
ficient. data and aperture distributions will then he shown for
wavequides of various sizes with no iris and compared against data
in the literature.

B. Theory

Figure 3-2 shows a probe-fed rectangular waveguide with an
iris in an infinite ground plane. The probe is a linear monopole
with height h and is located a distance d from the aperture and
c to the back wall. With reference to Figure ?-1 the rectangular
waveguide is designated by region wq (a) and the half space by
region hs (b). As was done in Chapter II (for general aperture
coupling) the rectangular aperture is first covered with a perfect
conductor. Next, applying the equivalence principle and boundary
conditions at the aperture results In the equivalent situations
for regions wg and hs shown in Figure 3-3. The equivalent magnetic
surface current Is related to the total electric field in the aper-
ture by

1 = T x 6 r-l
s

where n is the unit normal to the aperture. Since the electric
field is 7-directed and the unit normal y-directed the equivalent
maqnetic current will have only a x compone-t. Due to the prohe
orientation the tangential component of the magnetic field is x-
directed. It i-, desired to solve for the unknown magnetic current
M in 4er to calculate the scattered magnetic field in the wave-
g(ide H '(M s. The magnetic current is approximated by

8
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Figure 3-1. A prb-e ait-akdso antenna

N n

where,

J N is an expansion (or basis) function,
n

K~n is the terminal current veflue which normalizes M

nn

N is the number of expansion functions used to approximate

s in the aperture.



A qtod choice for the expansion functions is one that satisfies
the ho(un,1dry Conthilions of R at the edges of the aperture. In
riqe1r,1 1-" at x - I._/ the equivalent maqnet.ic current must be
70r- sinc- thi, incidflAt electric field is parallel to the edgeltotl tanqen! ial r is zero at a perfect electric conductor).

At 7 a d i and z = d + W the equivalent magnetic current is par-
al l] to the edqe ahd hal a sinqularlty invorsely proportional
to the square root of the distance to the edqe. Over the rest
of the aperture reqion the expansion functions should be able to
approximate higher order modes if the need arises. A set of basis
functions, which is a good approximation to the above conditions,
is overlapping rectangular surface dipoles with piecewise-sinusoidal
current distribution along the direction of current flow and uni-
form (also referred to as rectangular pulse) distribution in the
direction transverse to current flow. Figt,:-p 3-4 shows an example
expansion of M where three rows of five overlappinq piecewise-
sinusoidal uniform hasis functions cover the aperture. The over-
lapping piecewise-sitnusoidal functions can provide a current dis-
tribution which is zero at the ends and arbitrary over the remain-
ing interval (if enough functions are used). The adjacent uniform
functions yield a current distribution which is an approximation
to the singuilarity at the edq, and arbitrary over the remaining
interval (if enough functions are used). A typical expansion func-
tion with half-length E and width w can be expressed as

n ; x K n.;-n i~-i R t -i <* X(<3-3)n n 0 < Z' < w

where K is a plex coefficient. Uising the definition of termi-
nal ctirPent K in Chapter I1, it follows from Equation (3-3) that

K~ w
(n) . N (N)dz w 

A

0 n n

Now that a suitable set of expansion functions have been deterained
Fquation (7-8) can he applied. This results in the set of simul-
tanpeous equations Involving Vn

N / <Mm,' wg(n) -RM- Rhs (H •
V + .. .. nTm- - (3-4)nal n K K

m = I,2,...Nj

where

A
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Figure 3-4. Expanding the unknown magnetic current M into
three adjacent rows of five overlapping piecewisi

3 sinusoidal-uniform functions.

,, -TT 1R dx dz,

Jsurface

'R Tfwg (M )>
Ym is the mutual au.,,,ttance between has

functions m and n in the presence of the wavequide walls withJthe aperture covered by a perfect conductor,

Snhs K Kn is the mutual .mittance between basis

functions m and n in the half-space region with the aperture
covered with a perfect electric conductor,

i Is the incident field due to the probe source in the rec-
x
tangular cavity-hacked waveguide, and

m - Kmx is the current excitation.

An expression for the current excitation is derived in detail inj IAppendix E. The result is, from Equation (E-1.5)

13
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Im .. ..- } - P1({nl)P(
ri l,e- Yle -1 'C-l i: r.

?I 'Ww nl 2 ..... nl '

"r (n + )F Jnl W T -

e e 3

where x' and z' are the shifts of expansion m from x=O and
z=O, respectively,

T is the terminal current for the probe and is assumed
t8 he one ampere,

- -(n, X (n- 1o)__X
f h

I -(n A!)

pt? = P (means conjuqate) w Sit w (n,T
4

P e n W

W.W
4Cos?vT -(n + . -coskt1

x

where w - Nw

P -- is the propagation constant,

14



N_ is the numher of overlappinq piecewise sinusoidal
exnanion functions chos,,n alonq the lpnqth (H-plane

of the aperture, and

N~ w is the number of adjacent rectanqular pulse expan-
sion functions chosen along the width (E-plane)
of the aperture.

EquAtion (3-6) represents a plane wave expansion for the Current
excitation due to all modes, both propagatinq and evanescent, that
are incident upon the iperture. The two infinite sums on the in-

I tegers n and n , inc lude all these contributions. Values of n
and n,) which make r real and imainary correspond to propaqatinq
and evanescent mode, respectively. The TE th mode current
excitatic.n can he identified by ohservinq t' phase factor

ij in Equation (3-6) and choosinq the proper pair of plane waves.
For example, n,O and n-? 0,-1 corresponds to the TEW0 mode cur-
rent excitat ion. Other mode contributions Aro fun f simiarlv.

The half-spaclimutual admittances in Equation (3-4) are found
hv takinn, the dual" of the muttual imredancp# hqjtwepn two elec'tric

surface sourcs in free space (dividle 7.. hy n ,n is the free
- uace impedance) and multinlvinn the rePflt hvotwR. The factor
of two arises hecause the maqnptic surface sources exist on a per-

I fect el~ctric conductor which (bv image theory) doubles th,_ir field

I ont'ihut ions. Thus,
17fret! soace

I yhS " ~mn -./

where 1 1 ?Or ohms.

The mutual impedance 7, ree space between two piecewise sinu-
soidal-uniform electri p surface sources is derived in Appendix
C and can be calculated from Eqution (C-?1). Th' calculation
is done by a single inteqration which can be performed numerically
on the computer.

The calculation of the wavequide mutual adittance in Equation
(3-1) is more involved than the half-space mutuals t iuse position
in the wavequide is important. By tisinq iinaqe theo the wavequide
mutual admittance calculation (-an he handlod with i.(-inite arrav
techniques. (There are other equivalent ways of calculatinq the
wavequide mutual .0nittance, for example by' modal expansion as done

I
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by Mautz and Harrington1.) The calculations are done using a
quickly converging series that is derived in Appendix D. To demon-
strate the method consider the waveguide with an iris shown in
Fiqure 3-?. The unknown magnetic current R is expanded in nine
unknowns, three along the length and three along the width. For
this case the waveguide admittance matrix will be a 9 x 9 symmetric
matrix. For the mutual yWg the subscript m will refer to the obser-
vation exterior element. m he subscript n will refer to the refer-
ence source element. To show how infinite arrays are introduced
intn the orohlem, three representative calculations of the wave-
auide mutual admittances will now he qiven. First, consider the
calculation of element Y shown in Fiqure 3-q. The reference
element is imaqed into t~howaveouide walls (the walls arp then
removpd) resultinq in four infinite arrays of rectanqular maqnetic
surfacP sources. These equivalent sources satisfy the boundary
conditions for the fields where the wavequide walls were located.
Fiements of the four arrays are identified bv the Roman numeral
I, II, II, or iV. The exterior element is shown circled for em-
phasis. 8Y superposition it follows that

yw = 9[Y + Y, +Y + Yii (-8YI 9if III + Ill 1 V

where Y (I, I is the mutual admittance between the exterior

element and infinite array (I,II,III,IV). The factor of two is
used to account for the perfect conductor. Thus, an expression
for calculating the mutual admittance between an exterior magnetic
surface source and infinite array of magnetic surface sources is
required. Such an expression is derived in detail in Appendix
D, the result given by Equation (D-l). The direction cosines
s and s in Equation (D-11) are determined for this case in the
f~llowin manner: Since the current direction along elements does
not change, set the Floquet current factor

-jfkD s
e Zz= (see Equation (A-7 )

or PkDzs z = N

z=

wherp D is the interelement spacinq in the z direction. Simi-

larly s~t the Flouet current factor

e-JfnD sx

e-n I (see Equation (A-7)

or nD s 0xx

16
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nA
so s 0

x

where fl is ti, interelement spacing in the x direction. Frn
Fiqure .- 5 it is ohsfrved that n = 2L anI D ? ?W. Note that
Fquation (D-1l) was derived for An exterior 6lement and a reference
source with the same current vector sign. Thus, in the calculation
of Y,, and Y11V using Equation (D- 1) the final result must W4
mult ed hy Next, consider the calculation of element Y
shown in Fiqure 1-6. Since the reference element is located at'
the midpoint alnnq the lpnqth of the waveqidP, only two infinite
arrays arise this time when imanp thpory is ijspd. Elpments of
the two arrays ire idpntified by the Roman numerals I or I. By
supprposition it is clear that

w = Y + YlIi (3-a'1I,6 1 IT

Eqijiation (-11) anolies with 0 = ?W and s = 0 as before. For
this case Dx L an )n; e theZcurrent vecior changes sign
ppriodically set e xX (x l n

or BnD s = nrx x
so s= *

x
As a final example consider the calculation of Yw9 shown in Figure
3-7. Since the reference element is located at 1h; midpoint of
the waveguide cross section )nly one array arises when image theory A
is used. Equation (D-11) is applied with D = L 0 = W s =0,
And s = X/20 . The remaining elements of fhe wave6uide adfit-
tance matrix Are calculated similarly. As a check on the wave-
quide mutual admittance (,..iven by Equation (D-11) an infinite wave-
quide can be used as a test case. In Appendix G it is shown that
for the TE mode propagating in 3n infinite waveguide the reflec-
tirn coeffiPient is zero, as it should be.

Uqn caAculatinq all the elements of the admittance matrix
YI=YY J+(Y I the unknown coefficients V in Equation (1-4) can

he found by matrix inversion, that is, n

(V j = [yWq J+ [y h,] - I ( -

After L'ie voltaq' response matrix (V) has been dptermined, and
the coefficients suhstituted into Equation (3-?), the maqnetic
Field scattered by i into the waveguide can be determined. The

s4
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scit tered fil WO l( at the midpo int of the aperture is required
in ('a1rt 10.lc1 the ,,prtirv reflec'tion coefficient. A methond for
oht.0inq c 11w(M.. is~ to imii,~ M ill the wAveolifiriv WallIs. This '1, il
Vets tills in ill 1 f Iin ito m.rr~i y of rec t ati1 mr 'nmino't ic suirfa~ce SntlrceS,
as -;hwn in r orew 1-~1, wh ichi produce a f iv aii~t thte w~l I nos It i on
t Ilat sait i -,fy thlit wavioil c He bundairy ron Il t Iions%. Appendix A (ivr's
a Or~'i vit ion for the inwent ic field radiate4 hv an I nf ini te ava
of recta~ntlula~r mmqnot ic surfc Sources with arhi triry (hut peri-
odic) cm-rnt di %trihuion. The restilt is qiven by Fimit ion (A-

I I, t t lit iT F m Ilivrtutre refl1ect ion (Qef fir lnt tie def ined

14WQ it
x S xIin mil(

Intl
x

Where 1111111191, is the imatLte Of the inc id(ent tId duoi(llt t ) t he
poreuIcl conidtic tor coveri ng the aiper ture.

Frw nvon ivrct t he' ,,ot 1,'rt I ton Ic #lnt I - cmlIcil atid it thte
fm idpit)nt of ttl( aperture, t hat is, x-1 and 7 W/:'. At the aper-
turef- ( y--d1 theit i FuC Ident ImlaqIIet i C f ield douhie (I h1CcIuse of theit
perfect vlectric conduct intl cover. Thus,

xx

F rm Fqtiit ion (A-11), with ON-L. 11, -W, s 0~f, and s vx/?11
It t he .pwr t tire, milipo I i t Ihe x c(Nnomnt of tl( hu sc t tereri inatill't I c
IF icid( due to vi

Th1W IW ~ I V

-in 1 r N V ~ . (ni, jun 1 A

w

whert, ( Irown li it ion (11-1)))
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1= 1
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I~~~ (nf7 , ') (n, ( 4 ~j and t

xt and zt are the shift factors of expanstrin function tn

from x-O and z-) respectively. .

Fqurtion (1-1?) is a plane wave expansion representinq all the
1 nropaqating and evanescent modes that exist in the aperture reqion

of the wavequide. The TE th mode can he identified by observing
the phap f.ictr -=

I in Equation (1 -1'l and choosinq the proper pair of plane waves.
For example choose n -n and n fl,-l. The sum of the ahove phase
facto, for the two c ses is

'j Ij xx l

1 e ? ecos t

which is the TE Ode. Next, choose n l0 and n .1,-? with the
result the x3,i j3n -A t 3rx111l.

e + e P2 Cos -1-

SI which represents the TE3 0 mode. Other desired modes are determined

1 3



I
C. es(ults

In order to test the theory presented in Section B of this
chapter, calculations for the reflection coefficient of the TE
mode for a wavequide-fed aperture antenna with no iris (see F;ure3-1) are made in this section. Two different shapes of waveguide -

are used. square and rectangular, and r'esults using the monent,

method are compared against data in the literature.

As a first test case a rectangular waveoulde with length to
width ratio L/W ?.5 was analyzed. The unkiown magnetic current
distribution M was first expanded using 1, 3, 5 and 7 piecewise-
.inu.soidal expAnsions along the direction of current flow (H-plane)
and one rectangular pulse in the transverse direction (E-plane).
The results for the magnitude and phase of the reflection coef-
ficient are shown in Fiqur9 1-9. Aqrefment between the ahove for-
mulation (with seven piecewise sinusgkds) and the variational form-
ulation of Cohen, Crowley, aTg Levis and the moment method solu-
tion of Mauty and HarrinoIton is quite good. When the above form-
(ilation is applied with one, expansion function in the aperture

aqreement is qood up to ahout l/k .F as shown in Fiqure 1-).
Three and five niecewis,-sinusoidal expansion functions both yield.
ed qnod reflection coefficient data up to l./X- 1.0. In order to
check the approximation of one pulse expansion function alonq the
Olrect ion frantiver e to magnetic current flow the reqion L/, <
.F was chosen. This check is also important because the finitr-
arravs that will he dealt with in Chapter IV have eloments with
L/X.5714. Figure 3-10 shows the TFin aperture reflection coef-
ficient for L=.5714 , as a function of pulse expansion functions
N used to approximate N The magnitude of th,, reflection coef-
flicient changes by only hout two percent in going from one to
nine rectangul ar-pulse expansion functions. The phase changes
by only thirteen detIrees correspondinqly. The normali.'ed maqnetic
current for nine expansion functions is shown in Figure 3-11 to
illustrate the U-shaped distribution that exists due to the edge
condi tion.

The second test case chosen was a square waveguide. Results
for the reflection coefficient as a function (if L/A when seven
overlapping piecewise-sinusoidal expansion functions along the
d'r,?ct ion of current flow were used is shown in Figure 1-1P. The
agreement with Cohen, Crowly, and Levis is good. The reflection
co.ffirIent maqnitude aqrees fairlY well with Mautz and F1arrinqton,
howhver, there is a substantial difference in the phase for ./X .
.7. This can probably he attrihuted to their usinq four rectanqular-
ptilse expansion fiinctions, alono the, direction trainsverse to cu~rrent

flow instead of only onri. This seems to be the case, because when
the aperture w, chosen to he fixed at I./ - ./714 and more pulse
,xpinsion functions were used alonq the transverse direction (see

24
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Fiqure I-q. Comparisnn between the reflection coefficientI ~calculated by the theory of this chapter and data in the

literature for a rertangular wavequide-fed aperture of
size L/W ?.7r, in a;. infinite qround plane.
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Fiqure 3-10. Converqence of reflection coefficient for a
rectangular waveQulde-fed aperture of size L/W

in an infinite ground plane.
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Figure -31. Aperture distribution for a rectanqular waveguide

of size L/W - 2.'5 opening into an infinite ground plane.
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Figure 3-12. Comparison between the reflection coefficient
calculated by the theory of this chapter and data in
the literature for a square wa. guide-fed aperture

in an infinite qrouri plane.



Figure 3-13) there was about a seven percent change in the reflec-
tion coefficient magnitude and a twenty degree change in the phase.
For larqer electrical sizes of apertures similar changes should
be expected because the one rectangular pulse approximation becomes

poorer. The normalized equivalent magnetic current for nine pulse
expansion functions is shown in Figure 3-14.

In the next chapter finite olanar phased antenna arrays will
be analayzed. The arrays will be made up of the square and rec-
tangular waveQuide elements that were discussed in this chapter.

I
I
I
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Figure 3413. Convergence of reflection coefficient for a square
waveuidefedaperture in an infinite ground plane.
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CHAPTER IV
APERTURE REFLECTION COEFFICIENTS OF WAVEGUIDE ELEMENTS

IN FINITE PLANAR PHASED ARRAYS

A, Introduction

As d'scussed in Chapter 1, when a small finite phased array
is analyzed, It is necessary to include the effects of mutual cou-
pling between elements. This chapter considers the effect of mutual
coupling in finite phased arrays in which the radiating elements
are closely spaced waveguide-fed apertures. The method of analysis
involves extending the moment method formulation for the single
waveguide-fed aperture that was presented in Chapter Ill.

In designing phased arrays it is important to know the pat-
tern of the array as a function of scan angle. It is of equal
importance to know how much power is being reflected and trans-
mitted Dy elements of the array as the scan angle varies. For
example, the pattern of an array may moet design requirements but
the transmitted power may not. For certain sizes and spacinqs 16,17
of arrays the Wood's anomaly (also known as the blindness effect ]

occurs in which mannitudes of the reflection coefficients of the
elements of the array become unity. In this case the array will
he incapahle of transmitting any power. Thus, it is necessary
to calculate the reflection or transmission coefficients of the
elements of the array in order to determine the amount of power
that the arrav can transmit. In the next section the theory for
performing such a calculation will be discussed.

B Theory

Figure 4-1 shows a front view of the MxN phased array of rec-
tangular waveguide-fed apertures in an infinite ground plane which
will be analyzed in this chapter. A side view of the array, as
depicted in Figure 4-2, shows the probe excitation used for each
waveguide. A constant current of one ampere is assumed at the
terminals of each probe along with the desired phase to achieve
a particular scan angle. Taking 8 as the E-plane scan angle meas-
ured from the normal to the array, the required constant phase
shift between apertures is

ts = 2d s sin 0, (4-1)

where d is the center-to-center spacing between apertures in the
strong- oupled (r-plane) direction. Next, letting * be the H-plane
scan angle measured from the normal to the array, as shown in Fig-
ure 4-3, the required constant phase shift between apertures is
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Fiqure 4-1. MxN array of wavequide-fed apertures in I
an infinite ground plane.

H

-2d W sin s,, (4-?)

where d is the center-to-center spacing between apertures in the
weak (M-plane) direction. Thus, the terminal current of probe
(m,n) in the array for a particular scan angle (A,) is given by

S-j?f (m-I)d 5 s in -jN (n-I)dwSn4,
n =e e (4-3)

,t: m,n
Am = 1? M; n-1 , ,N. N

Havinq dofined the qeomnetry of the array to be analyzed, the next
* ;tep is to modify the sinqle slot formulation of Chapter I1.

lLA
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Figure 4-?. Side view of the MxN array shown in Figure 4-1:
E-plane scan.
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Figure 4-3. Top view of the MxN array shown in Figure 4-1:
H-plane scan.

j The matrix equation for the unknown coefficients, Vn of the
aperture, is given by Equation (3-10) as

I (V), [[ywg] + [yhS] -1 (1) (4-4)

where [Y W91 is the waveguicte actniittance matrix,

[yhs] is the half-space admittance matrix,

j (1) is the excitation current matrix.

For the case of an MxN array of apertures in an infinitr qround plane
each aperture is covered by a perfect electric cordurtor and the
equivalent maqnetic current + M  is placed on the left side
of the conductor and -'m tO) right side. Tn this manner
the boundary rondition,SNAItanqential ',  he continuous across
each aperture, can he enforced. EnforclnmtRQ boundary condition
that tangential IT, be continuous across each aperture resultsin the new matrix" WjOtion

1 ?5i



WVarray [yWQ+ hs- (I (m)ara array + array 'array

(1)agrg Is the array excitation matrix composed of M-N sub-
mat c corresponding to the M-N elements of the array, thus

((4-6)Marray

(IMN)

where the elements of (1) r are column vectors of length(N-1)'N
(recall from Chapter II tg va -I and N are the number of expansion
functions used in the aperture4 due to 9ach element of the array.
Since the waveguides have been effectively isolated from each other
(due to the perfect electric conducting cover) there is no coupling
between apertures by means of the wavequide admittances. There
will be an identical wavenuide self admittance matrix of size ((Nt-I)
•Nw) x (Nt-ll'N for each of the waveguides in the array. The array
wavequide admit~ance matrix will thus be a diagonal block matrix,S [ H [+ [wJ

I array
0 [. [w9

The number of blocks on the main diagonal is equal to M*N. In
the half-space region the magnetic current sheets -n (ml,
2, .... M; n41,?....,N) radiate in the presence of e 'oher.
Thus, the coupling that takes place between apertures is done solely
by the array half-space admittance matrix.

C31culatiop of the array half-space admittance matrix elements
is done by using Equation (3-7). The array half-space admittance
matrix will be a block matrix with every entry being non-zero.
For certain array Interelement spacings and number of expansion
functions used, various symmetries can be used to reduce the number
of calculations necessary to fill the array half-space admittance
matrix. The same symmetries can he used to reduce the amount of
computer storage required for the total array admittance matrix
as well as reducing the amount of time required to invert it.
These s ymnetries will he discussed next.

q6

... . . .. - = - .. ... . ... . .. . _ ; _ _.: +. . _. =J --



As an example of syrmitries that are typically present in
analyzing rectangular grid a~rrays consider a 3x3 array with three
oulse exD~nsion fuinctions uised to approximate 14 ner element, as shown
in Figure 4-4. In this case the separation bet~een strong-coupled
(E-plane) apertures is zero and the spacing between weak-coupled
(H-plane) ap~ertures is arbitrary. lpel~esulting array half-spaceI admittance matrix is block Toeplitz '.A block Toeplitz matrix
is symmnetric and is composed of symmnetric sub-matrices (~ocks)
with the following property: Let A1  repreient the ij blockI of a block Toeplitz matrix, then the' Alenients'of the block will
depend only on the difference of the subscripts, that is, li-Il.

9 18 2?

8 17 26I 716 25
6 5 24

514 23

4 13 22

3 12 21

2 11 20
10t 19

Figure A-A. 10x array with three pulse expansion functions in
each aperture gives rise to a block Toeplitz half-space

acfnittance matrix when the separation between
strong-coupled apertures is zero.

In the above example the half-space admittance matrix has nine
blocks (three in each row and three in each column) ot dimensions
%x9 each and in the above notation,

.hs1  [hs] yhs]

[Y hS array [ysj [1yh 5 [Y hs] 1 (4-8)L[Yh1  VJ [Yh.]

(note that [Y W1 arraybis also block Toeplitz and thus the total
Admnittance mat rix is lock Toeplitz). The above block Toeplitz
matrix is important for two reasons. First, althougb thehuatrix

f ~ ~ ,~Of size ?7x?7 (72?9 elements) only the elements Y Mi Yh
Y1 7 nepd to he calculated. Since the remaining e~,ent~'- the
matui&x repeatA the rest can he filled in (from the Above ?7) by

*an algorithm.)n Second, a computer programi for solving a block
Toepli~j system of simultaneous equations has been developed by
Sinnot .which greatly reduces the amount of storage required for
the admittance matrix.
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Ancther important geometry that will be analyzed is an array
where t separation between strong-coupled (E-plane) apertures
is non-zero. An example of this is the 3x3 array with three ex-
pansion functions per element as shown in Figure 4-5. For this
case the half-space admittance matrix is now double-block Toeplitz.
A double-block Toeplitz matrix is defined to be a block Toeplitz
matrix with sub-matrices thaA are Aso block Replitz. In the
above example the elements Y Y , Y...,Y1 , need to be cal-
culated and then only certaih'Of th elem ents hthe second and
third rows. The rest of the matrix can be filled in by an algo-
rithm which uses the douhle-block Toeplitz properties.

9___ 27

17 26
7 16 25

5 14 23

4 13 22

3 12 !21

1 1_ 0 .19 -

Figure 4-5. 3x3 array with three pulse expansion functions in
each aperture yields a double-block Toeplitz half-space

admittance matrix when the separation between
strong-coupled apertures is non-zero.

Now that a method for analyzing finite arrays has been presented
it will be applied in the next section to same specific cases.

C. Results

In this section plane MxM arrays (where M is odd) of square
and rectangular waveq,Ides, in an infinite ground plane, will be
analyzed. The moment method formulation for finite arrays in the
preceding section is ut;lized. Results will be given for the re-
flection coefficients nf elements in the array, as well as repre-
sentative aperture distributions, for various scan anqles. First,
however, the required number of plecewise-sinusoidal expansion
functions along the length (H-plane) per aperture in a small
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finite array will be determined. This will be done for E, H, and
quasi-E-plane (which will be discussed shortly) scanning using
a Sx5 array of square apertures as a representatative case. Next,
quasi-E-plane scanning with zero wall thickness will be used as
a test case to determine the required number of rectangular pulse
expansion functions along the width (p-plane) per aperture. After
having determined the proper number of expansion functions per
Jlement, E-plane and H-plane scanned arrays of various sizes will
then be analyzed. The results will show that one piecewise sinu-
soidal expansion function per aperture is adequate alona the length
(H-plane) for L < .5714X while more than one pulse expansion
function is necessary along the width (E-plane) for both rec-
tangular and square apertures.

E-plane and H-plane array scanning were discussed in the last
section (see Figures 4-2 and 4-3). The quasi-E-plane scan differs
froq E-plane scanning in that the E-vector changes direction by
180 periodically along the x-direction of the array, as shown
in Figure 4-6. As discussed in Appendix H, the reflection coeffi-
cients in a 5x5 array of square elements (L=0.5714X) have almost
converged when only one piecewise-sinusoidal expansion function
is used. This is true for all three types of scannina. It can

IZ

zX

I

I -y

Figure 4-6. Quasi-E-plane scanning in the yz plane.

3
1 39

p



he assumed that small finite arrays of size similar to the 5x5
array will have about the same type of convergence. Thus, in all
the arrays that follow, one piecewise-sinusoidal basis function will
be used to expand the unknown equivalent magnetic current in the
direction of current flow. This approximation represents a sig-
nificant savirqs in computer storaqe required for the admittance
matrix in Equation (4-4) as well as greatly reducing the cpu time
required to solve the system of equations. In general, for arrays
with apertures having L > 0.x several overlapping-piecewise sinu-
soidal exoansion functions will be required.

The quasi-E-plane scan provides a good check of the dependence
of the reflection coefficient convergence upon the number of pulse
expansion functiors along the aperture width (E-plane). This is
true because for an infinite array, with zero wall thickness betweei
wave ,ide elements, t- reflec on coefficient for every element
will .e zero at broadside scan . Thi8 can be explained simply
by noting that due to the periodic 180 phase shift in the I-field
along the x-direction of the array and the t-field being orthogonal
to the top and bottom walls of each waveguide, the fields wili
be unperturbed if the wavegulde walls are extended to infinity.
Thus, the reflection coefficient of every element in the Infinite
array must be zero. For a large finite array the reflection coef-
ficient of the center element should be close to zero.

By using the quasi-E-plane broadside scan and observinq the
center element reflection coefficient, as a function of array size
and number of pulse expansion functions, it can be determined whether
or not it is converging to the correct value (r=O). Reflection
coefficients for elements of arrays of sizes 3x3 to ?7x?7 as a
function of the number of rectanqular pulse expansion functions
for square and rectangular apertures were computed. Calculations
were done on an IRM-17n digital computer with 2n48K bytes of storage.
Seven pulses per aperture could be run for arrays up to size nx9.
Due to storage limitations only five pulses per aperture were used
for an 1lxl1 array. Three pulses per element coul' be used for
the l3x13 and 1.5x15 arrays. For larger arrays only one rectangular
pulse could be used. The results for square apertures are pre-
sented in Table 4-1 and Figure 4-7. In Figure 4-7 the magnitude
and phase of the center element reflection coefficient is conven-
iently plotted on an expanded scale Smith chart as a function of
array size and the number of pulse functions used. The family
of curves clearly indicate that one pulse function is insufficient
for arrays up to size 13x13. In the limit of an infinite array
one rectangular pulse expansion function should fit the uniform
distribution along the width (E-plane) of the aperture for the
TE mode exactly. Figure 4-8 shows the center element reflection
co ficient for one expansion function per aperture as a function
of array size. The curve shows a spiral type behavior. Whether
or not it would converge to 1'=O for a large enough array is not
clear.
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rCENTER ELEMENT vs. ARRAY SIZE AND
NUMBER OF PULSES (NW)
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Figure 4-7. Center element reflection coefficient for various
sizes of arrays and number of pulses per array element.

Array elements are sqiuare wavequide-fed apertures.
Data points are plotted in the center portion

of a Smith chart.1
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For the case of the 11x11 array with square elements (L=. 714X)
and five pulse expaninn functi - oer aperture, the center element
rpflection coefficient was calculated for a quasi-F-plane scan
in ten deqree incrnents. The magnitude of the center element
reflection coefficient is plotted as a function of scan anqle in
Fiqure 4-n. The results are compared aqainst data calculated by
Amitay, Galindo, and Wu for the center column of an infinite array
in which all elements of the array are 51cited and for when only
oleven columns of elements are excited. Although the geometries
are quite different the results are similar. Reflection coteffi-
cients of all the elements in arrays of sizes 3x0, 5x5 7x7, qxQ,
and llxlI for various scan angles are presented in Appendix 1.

For quasi-E-plane scanned arrays in which the elements are
rectangular with length to width ratio ?.25, the results for the
center element reflection coefficient as a function of array size 3
and number of pulse expansion functions per element are presented
in Table 4-2 and Figure 4-10. Figure 4-10 shows that one pulse
expansion functiu:: iz inadequate for arrays up to size 15x15. It
i 31so clear that as the atray size increises fewer pulses are
required. This is to be expected because as the array gets larger
the aperture distribution of the center element approaches that
of the TE mode. Fiqure 4-In also shows that seven pulse hd~es
per elemehy are desirable for arrays tip to size Qx9. Fiure 4-
11 shows the center element reflection coefficient for ore expan-
sion function per element as a function of arrav size. The curve
is observed to be a spiral. The reflection coefficient chanaes
less and less as the array becomes larger, as expected. Whether
or not the calculated reflection coefficient will converqe to zero
for a large enouqh array is not obvious from Figure 4-11. Figure
A-V) shows a similar spiral curve when three pulses per aperture
are used. This curve seems to indicate a convergence of the re-
flection coefficient towards zero. For a very larqe array the
difference between one and three pulses should be very slight as
far as the center element reflection coefficient is concerned.
Therefore, for large enough arrays it appears that the array formu-
lation will yield converged reflection coefficient data (r=O) for
the central elements when only one expansion function is used.
This will not be true for the edge and near edge elements. Re-
flection coefficients for all the elements of finite arrays with
rectangular elements of sizes x3, 5x5, 7x7, and Qxg are presented
in Appendix J for various scan angles when 7 pulse expansion func-
tions per element are used. For the array of size Il, 5 pulses
are used. Now that the formulation has been shown to yielo ac-
curate reflection dati for quasi-E-plane scanninq, E-plane scanning
will next be considered.
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Figure 4-9. Reflection coefficient of the center element
in finite and infinite arrays of square waveguide-

fed apertures.
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I CENTER ELEMENT VS. ARRAY SIZE AND
NUMBER OF PULSES (Nm)

I QUASI-E-PLANE ARRAY ELEMENT
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Figure 4-10. Center element reflection coefficient for various
sizes of arrdys and number of pulsee, per element array.
Array elements are rectangular wavieguide-fed apertures.

Data points are plotted in the center portion of
a Smith chart.
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Peflection coellfficient data For all the elernts of F-plano

scanned arrays, in which the elements are square wavequide-fed
aprrtures with zero wall thickness, is given in Appendix K for
array s1es 1x, rx 5 , 7 x7 , Qxq, and 11xll for various scan anqles.
The reflection coefficient of the center element of an 1ix11 array .1
of square apertures as a function of E-plane scan angles is shown
in Figure 4-13. The center element reflection coefficient for
H-plane scanning is also shown for comparison. For infinite ar-
rays with interelement spacing equal to 0.714 the Wood's anomaly
(or blindness effect), for which r=1 for all elements, should oc-
cur at an E-plane scar, angle of 50 . Fig 8 re 4-13 seems to indi-
cate the presence of Wood's anomaly at 50 but in a washed out
form due to the finiteness of the array. The behavior of the re-
flection coefficient as a function of scan angle for elements along
the center column near the edge of the 11xl1 array is examined
in Figure 4-14. The three curves represent the reflection coeffi-
cients of the edge element, one element removed from the edge,
and two elements removed from tue edge. The greatest variation
is seen to be in going from the edge element to one element re-
moved from the edge. Thereafter, the effects of the edge diminish
rapidly. The aperture distributions for the bottom edge element,

IIXII ARRAY

CENTER ELEMENT REFLECTION COEFFICIENT
VS. SCAN ANGLE

/' _p L N  /O I H - PLANE

"-, ARRAY ELEMENT~t

0 R[
40 0 Lz 0.5T14 X"-'

Figure 4-13. renter element reflector coefficient for an llxll
array of square waveguide-fed apertures as a function of scan

angle. Date points are plotted in the center portion
of a Smith chart.
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Figure 4-14. Reflection coefficients for elements in the vicinity
of the array edge along the center column of an 11x11 array

of square waveguide-fed apertres as a function of
E-plane scan angle.
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one element removed from tht edge, and center element along center
cglumn of the 11x11 array is shown in Figures 4-15 for a2 E-plane _

n (broadside) scan and in Figure 4-16 for an E-plane 60 scan. -

For both scan angles the edge element aperture distribution is
highly non-symmetric and differs greatly from the center element.
This is to be expected in small finite arrays.

E-plane scanning for arrays of sizes 3x3, 5x5, 7x7, 9x9, and
11x1l in which the elements are rectangular waveguide-fed apertures
with length to width ratio 2.?5 are considered in Appendix L. The
aperture reflection coefficients are shown for all the elcments
of the arrays for various scan angles. The effect of non-zero
wall thickness is also e..amined in Appendix L for 7x7 and 11x1
arrays. Figure 4-17 shows the results for the center element re-
flection coefficient, as a function of E-plane scan angle, for
an 11x1l array with five rectangular pulse bases per element with
zero and 0.02516X wall thickness. The effect of the 0.02516A wall
thickness is observed to be slight. For the 11x1l array with zero
wall thickness the influence of the array finiteness on the re-
flection coefficients of elements along the center column are shown
in Figure 4-18. The greatest variation is aqain seen to be from
the edge element to the edge-adjacent element. The aperture distri-
butions for the bottom edge, edge-adjacent, and center element
along the center coumn of he I1x11 array are shown in Fiqures
4-Iq and 4-20 for 0 and 60 E-plane scan angles, respectively.
H-plane scanning will be considered next.

H-plane scanned arrays with square elements (with zero wall
thickness) for array sizes 3x3, 5xS, 7x7, 9x9 and l1x11, in which
the reflection coefficients of all the elements are given for vari-
ous scan angles, are presented in Appendix M. The reflection coef-
ficient of the center element of an 11x11 array as a function of
H-plane scan angle is shown in Figure 4-21. Results obtained by
Amitay, Galindo, and Wu for an infinite array of square apertures
(with zero wall thickness), when all elements are excited and when
only eleven columns are excited, are shown for comparison. Figure
4-21 shows that as far as the center element is concerned, there
is very little difference betweei an 11x11 array and an infinite
irray for H-plane scanning. A comparison of the edge element
reflection coefficient magnitude for the center row of an 11x1
array and the infinite array with eleven infinite columns of ele-
ments excited is shown in Figure 4-22. The agreement between the
two curves is excellent. This indicates that using finite excita-
tion in an infinite array environment as done by Amitay, Galindo,
and Wu is a good approximation to the behavior of a finite array.
The effect of the edge on the reflection coefficients of elements
along the center row of the lix11 H-plane scanned array is shown
In Figure 4-23. The behavior of the reflection coefficients near
the array edge is the same as that observed for E-plane scanninq.
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Figure 4-15. Aperture distributions in the vicinity of the array
edge along the center column of an lix1l array of square
waveguide-fed elemnts. Position number one refers to

the lower edge of each aperture.

A

A



APERTURE DISTRIBUTION
vs.

POSITION ALONG W

600 SCAN CENTER COLUMN

E- PLANE - BOTTOM EDGE
II XII ARRAY ELEMENT

Sos0 EDGE-ADJACENT
(5 PULSES) ELEMENT

ARRAY 1.0- -- CENTER ELEMENT
ELEMENT

L

L =0.5714X 0.6-.
LaW ;

0.4 ,;

1 2 3 4 5
POSITION ALONG W

PHASE MS

Figure 4-16. Aperture distributions in the vicinity of the
array edge along the center column of an 1ixl array of

square waveguide-fed elements. Position number one
refers to the lower edge of each aperture.
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Figure 4-18. Reflection coefficients in the vicinity of the
array edge along the center column of an 11xi array of

rectangular wavequide-fed apertures as a function
of E-plane scan angle.
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Figure 4-19. Aperture distributions in the vicinity of the
SI array edge along the center column of an 1lxil array of
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Figure 4-20. Aperture distributions in the vicinity of the array

edge along the center column of an 111xl array of rectangular
waveguide-fed apertures. Position number one refers to

the lower edge of each aperture.
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Figure 4-21. Center element reflection coefficient in finite
and infinite arrays as a function of H-plane scan angle.

Array elements are square wavequide-fed apertures.
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Figure 4-23. Reflection coefficients in the vicinity of the
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The aperture di strihiit ions of the r 11'It edge element. edge- adj,'centI
e1mnent, and cen!#e along the cent r row of the lixil ar- A
rdy are shown in 1 '4 for H-plane 0 9(broadside) and in
rigure 4-2' for H.. The aperture distributions are seen -

to Ne fairly u#ilfi i Is duo to the center row having f iv' _

adij-icent rows of e lemen ts above and he low it. Thus, the sitiqu-
lari ty in the equivalent inaflnetic: current distribution is washed
riut dlue to thv. roupi Ing between adjacent rows.

Finally, consider H-plAne scanned arrays in which the array .
i'linv'iiLs are rectanqtular waveqride-fed apert-ires with length to
wi(IthI ratio ?.*?r. Reflection coefficient dilfa for arrays (with
zero0 w~l I thcns)Of Si 70S 10., xS, 7X7 , O)xQ, and I lI for
various scan inqjles is presented in Appendix N. The effect of
a wall thickness of O).fl2qgx is also considered for at-rays of sizes
7x7 aind 1101l. Fliqire- 4-)6 shows the center- element reflection
coeft ic lnt as .i fuinction of scan ainlp for zero and 0.02;16X wall
thickness. This difference hetween the two :urves is seen to he
%11iqht. The difference, is accouinted for hy the channe, in the half-
space admrittance matrix elements for the two cases. The edge ef-
focts tin the reflection coefficient for elements alonq the center
r'ow of the lIxii H-pt an', scanned array aire shown in Figure 4-27.
Apertuire di str ibut inns of t hf edqe , edro-idj acent , and1 Center Ci e-
merit art, shown in Figuire 4-209 for a 0 0 (bro'ads de) H-plane scan
and in Fiqure 4-2c) for a 60 0 H-planie scan. The aperture distri-
but ion,, are fairly uiniform. As was, the cAsP for quiare elements.

Thc It t. inw equired for solving for the ref lection cnef-i firiolents the lixil1 array (zero- wJ.l iiickness) with five puls-
e'xpanisioni f~iiuct ionis for twenty scan anqies (F-plane and H-pl ari
in ten degree incremnts) was about ten mninutes. The bulk of the
time is sp-it in the caiculation and inversion of the admittance
iiatI r I x. Inon-zero wall thickness the qCpu time incrpa!sed by
abouit two tiniiteos due to an lncr('a51 in the number of half-space
0dmit t anco mtrix elements that had to be calculated.

In 11hiF, sect inn results hive heen presented for, three types
III srannirno, with arrays; of either- sq-iare or rectanqti Iar wavequiidv-
lr'ni wrerture, '. Fxtensive addit ional regults are presprnted in h
aipndicels. All of the results serve to aid in an undorstandinn
oif tho pier forimnce of fin itr arra vs. part icul arl1y with reqard to
I ho jnfl iivrce of the, finite extent of the, arrav uon the rt ' 1 *ct ion
coofi c rent s of thv various elements,
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Figure 4-24. Aperture distributions in the vicinity of the
iiarray edge along the center row of an 11xl array of

square waveguide-fed apertures. Positioninumber one refers to the lower edge of
each aperture.
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Figure 4-25. Aperture distributions in the vicinity of the
array edge along the center row of an 1ix11 array of
square waveguide-fed apertures. Position number one

refers to the lower edge of each aperture.
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Figure 4-26. The effect of wall thickness on the center element
reflection coefficient for an 1101l array of rectangular
wavequide-fed apertures. Data points are plotted in

the center portion of a Smith chart.
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Figure 4-28. Aperture distributions in the vicinity of the

array edge along the center row of an 11x1! array of
rectangular waveguide-fed apertures. Position

number one refers to the lower edge of
each aperture.
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Figure 4-29. Aperture distributions in the vicinity of the
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CHAPTER V

DISCUSSION

The purpose of this study was to analyze finite phased arrays
of rectangular and square waveguide-fed apertures. This was done
by using the method of moments to find the aperture distribution

-. of each of the array elements, from which element reflection coef-
ficlents were obtained. To check the theory, reflection coeffi-
cient data for single rectangular and square waveguide-fed aper-
tures was calculated. The results were found to be in excellent
agreement with data in the literature. Next, reflection coeffi- _41
cient data was presented for arrays with zero wall thickness, up
to size lix11 using E, H, and quasi-E-plare scanning (the purpose
of considering quasi-E-plane scanning was to provide a check on
the center element reflection coefficient). For elements of length
0.5714X, it was found that to be within one to two percent c" the
converged reflection coefficient value, five pulse expansion func-
tions per aperture along the width (E-plane) were needed. This
was true for both rectangular and square element . The effect
of non-zero wavenulde wall thickness was also studied and found
to modify the reflection coefficients slightly.

The waveguide elements used in this study had a medium inside
equal to that of free space, that is, j=io and E=. The formu-

lation can he directly applied to a c etely dieyectric filled
waveguide by using 0=(fo and n - , where c is the permittivity
of the dielectric, in Equations (DL ) and (E-16). If, however,
a short dielectric slab of dimensions equal to the waveguide cross
section is used, the formulation must be modified. In this case
plane wave reflection coefficients must be introduced when the
plane waves from the probe or the aperture reach the edge of the
slah. Both Equation (D-11) and Equation (E-16) would need this
modification. If the finite array is covered by a dielectric sheet
the free space Green's function used in Appendix C no longer ap-
plies. In this case the half-space coupling problem would have
to be reformulated.

This stidy considered arrays with elements arranged in a rec-
tangular lattice. Another array configuration that is useful is
the triangular grid. An example of the triangular grid is shown
in Figure 5-1 where three interlaced rows of elements are used.
The triangular grid has the important feature that the array ele-
ments can be spaced closer than in a rectangular grid, thus dvoid-
ing gratinq lobes in the array beam pattern. This configuration
was not analyzed in the present study because the half-space ad-
mittance matrix is no lonqer block Toeplitz. Due to the elements

ii being interlaced, the half-space admittance matri- -ill contain
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Figure 5-1. Triangular grid array.

some blocks that are not symmetric; hence Sinnot's block Toeplitz
computer program cannot be used. As a result ordinary matrix in-
version computer programs must be used to solve the system of eq-
uations. This results in an increase in cpu time and required
storage. A computer program which makes use of the block matrix
in the triangular qrid case is needed to solve the system of eq-
uations more efficiently. A

Another problem of interest is a finite array of waveguide- ]
fed apertures in a finite ground plane. A 3x3 array is shown as
an example of this in Figure 5-?. This problem can be solved by
including contributions due to diffraction from the edges of the
ground plane in the half-space admittance matrix. The total ad-
mittance matrix is then expressed as

[y] = [ywg] + [yhs] + [ydiffracted] (5-1)

This type of solution is referred to as a hybrid technique25 (method
of moments combined with the geometrical theory of diffraction).

Another ic-,vortant addition to the analysis of finite arrays
would be the development of a computer program to solve a double-
block Toeplitz system of equations. This problem arises when a
planar array of dipoles or slots are arranged in a rectangular
lattice and more than one expansion function is used per element.
While the block Toeplitz computer program can be used to solve
the system of equations a double-block Toeplitz subroutine could
represent an additional savings in cpu time and storage. Lirger

fini:e arrays could then be handled.
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Thus, three improvements or refinements discussed above need
to be made to the theory and the computer program (the present

Icomputer program is listed in Appendix 0) in order to handle a
larger class of problems. These problems occur often in the
analysis of finite phased arrays.

Figure 5-2. 3x3 array of waveguide-fed
apertures in a finite ground plane.
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APPENDIX A

THE MAGNETIC FIELD RADIATED BY AN INFINITE ARRAY
OF RECTANGULAR MAGNETIC SURFACE SOURCES WITH

ARBITRARY CURRENT DISTRIBUTION

In this appendix the total magnetic field 1T, radiated by
an infinite planar array of rectangular magnetic surface sources,
is derived. The derhation closely follows work done by Munk,
Burrell, and Kornbau on periodic surfaces and is included for
completeness. This calculation is used in determining H (IR
in Equation (3-11) as well as T1 in Equation (D-4). Th aray
to be analyzed is shown in Figurg A-1 in the rectangular coordinate
system. All elements of the array are in the xz-plane and have
a magnetic current component that is x-directed. The current dis-
tribution of the reference element of the array is arbitrary. All
the other elements have the same arbitrary distribution as well
as a constant incremental phase shift in both the x and z direc-
tions. The entire array is displaced a distance d from the origin
along the -y axis. This corresponds to the location of the wave-
guide-fed aperture in Figure 3-1. The medium in which the array
is located has permeability p and permittivity c.

Let W denote the position vector for the observation point
P(x,y,z). In the analysis that follows, first the electric field
radiated by an infinite array of Hertzian dipoles with length d.
is calculated. Next, this field is integrated over the area of
each rectangular element of the array to obtain the total electric
field T The expression for T will be in the form of a plane
wave expansion; hence 1T can be determined by the plane wave re-
lation

s x T (A-)

where

s = xsx + ysy + zsz is the direction of propagation

n is the impedance of the medium.

The electric field radiated by an infinite array of magnetic
Hertzian dipoles can be determined in the following manner: Con-
sider an element of the array in row n and column k, with maqnetic
current pKkn and length dt located in the xz-plane as shown in
Figure A-?. The unit vector p is, in general, completely arbitrary
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Figure A-i. General view of an infinite array of

rectangular surface sources.

i7

! 73

I ____ _



z

df

r -V/O + nD - z -z')2

Figure A-2. The geometry involving the observation point
P(x,y,z) and the kn'th element of the array.
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with ccnponents x, y, and z in the rectanqular coordinate system.
The reference element of the array is located at the point (x',-

j d,z'), and the remaining elements are positioned at the points
(nD +x', -d, kD +z') where n and k are integers (positive and nega-

tiv ) and D aId 0 are' the interelement spacings in the x and
z direction., respictively. In order to calculate the electric
field, first 2 he electric vector potential r is calculated, then
the equation

V x (A-?)

is applied.

The vector notential " frcxn a sinqle eltement of the array
ohserved at the point P(x,v'k,9 is qiven hv

kn

wht-e isthepr'opaoation constant.

r = In

and

a - t.y) + W x-(X-X')) (A-F-

By superposition, the total electric vector potential l' from the

entire array is

F

kkn
p Ko4 Ti 4--Kkn.( -6

k =-IV n=-- - c r

For an infinite array scanned in he direction s the element cur-

rents must be of the Floquet type , that is,

-jR kDs s i nS
K = K e (A-7)

wherY-e, KI is the terminal current and S and sz r calcuilated hv

sat isfvlnq houirdarv conditions for the problem of interest. Sh-
stitutinq Fquation (A- 7 ) into (A-6) yields
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p(t) 0 otherwise_

(p (t) is the pulse function).

By comparison of Equation (A-11) with Equations + $9) and (A-4)
it is evident that the frequency shifting tneorem

with _ :Z-" is needed to transform Equation (A-0). Comparing

Fquatins (A-n) throuqh (A-.1) it is clear that with

": ?TI

W'o = Dz' T = - , t =- s i

,the Poisson sum formula and freou nrv shiftinq theorem transform

Fquation (A-1) to

cK dt I -J3(Z-Z') s I F

r k  p 2 e

I+ z Z(

+= n (a-13

K IwhereT

7. 0 a

Equation (A-13) can be expressed in simpler form as

-- cKIdt ( r -P z-z')r z

z n

H(?) (as + 1

1 T1

where

r , s , + n, !

III

1 (r -,an

L; ,
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The summnation in Equation (A-14) over n is extended over all values
* making s~ and sreal. Substituting Eq~iation (A-14) into (A-S)

yields

e Hzz1r (Pas i~+ K (Pas2 j

The c~iirnt ion over k in Equiation (A-16) will now he transformed
into a faster convprcwnt series hy use of the Poisson sum formula

e 0F(ko 0 T Y tn,)(17
n2

The necessary Fourier transform pairs are'

Hnd (?) WS (y+d) 7+w eL

where the pulse function

annd
Vt4eorem,

It y owpj ri ;n o I ua i n-, A -I R in A .10 w it h I ai a i ns.(A



given by Equation (A-12) with = x-x', is needed to transform -

Equation (A-16). From Equation (A-17) choose I

0o Dx, T = 2r , t sxo T , t : [ Sx

then Equation (A-16) becomes

) . tKl dt , Jp~xx' )r x

I
• Z

4 ?p n1 - x nl=x

S-j(y+d) (s I-(Sx+ i )"
x

r (- k R S x  
+  n ,

(y+dj(fs)4(BSX + n 11)?

+ 1e(A-?O)
2 ;67 + Ip ?D

where r s x + n2( x x
Substituting s1 and s? into Equation (A-?O) yields the compact
result

r(x'y'z) - -M O e
2RP

x nn=, -Cn,= y
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where

x +y y , is the observation point position -
vector referred to the origin,

x x' - y d + z z is the source point location,

r x r +yr z r
71 x y z

denotes the direction of propagation of the bundle of plane waves,
and

r z lJl-(r )z (rxI  (A-??)

In Eouation (A-22) the upper siqn(+) should be used for y > -d,
the lower siqn (-) for y < -d. Furthermore, where the inteqers
n ,n. attain such values makinq the square root imaginary, the
-1 value should he used for y > -d and the +j value when y < -d.
These choices will ensure waves propagating from the array and
attenuated as well.

Now that the electric vector potential at an arbitrary point I
has been found, the total electric field can be determined by Eq- .

uation (A-2). Applying Equation (A-?) to Equation (A-21) yields

jKdQ 1 di O r 21

xz n 2-co Wl- ry! [

(A-23)

Next, apply the vector identity
34

V x ( V) €V x - x V (A-?4)

to Equation (A-21) and obtain

(A-25) I

801
KI
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Equation (A-25) is the electric field from an array of Hertzian
dipoles. To obtain the total field radiated by the infinite array
of rectangular surface sources it is necessary to integrate Equation
(A-?5) over the surface of the reference rectanqular source. To
perform the surface inteqration the terminal current K1 in Equation
(A-?5) must beyreplaced by a current density Mrx',z'). Let dt A

dx' and p = x then,

rT XVZ) x xr.
?D D n=- n
x z

-j'*rl
.p(i n I n.) e-r (A-?M)

r

where,

W L iBR*r
P(Bn,n2) f f Mx(x',z')e dx'dz' (A-27)

is the pattern function for a single element of the array. As4
detailed in Appendix B the magnetic surface current density M
is arbitrary but is assumed to be known over discrete regions ov-

ering the surface E- L/2 < x' < L/2, 0 < z' < W ]. M can thenbe approximated by the superposition of piecewise sin6soidal-uni-

formt surface dipoles modes Mi where,

Mi(x,,z,)= A. si r(Z-1x"L) -k < x" < z
1 i sin A 0< z"< w

where 9 =L

and the A's are the complex coefficients associated with mode
i. Since there are N and NE-l expansions alono the width and
lenqth of the rectangular surface, respectively, then

Nw  N - sin M

M Y Y A. si"Z
m=l n=1 sin 89

where

i =m + (n-])N w .



The pattern function is then given by (see Equation (B-i))

P(R,n1,n?) - -4 e e -r
sR sin 6Z

sin(BW rZ) [Cos( Sr )-Cos R]

z 0 - (r -

N Ni-I jay rx  .

wAi e e z

m=1 n1I

(A-28)

L
where xn + n

zm  (m-i) w, and

W
w

Equation (A-26) is a plane wave expansion for lFT, so TT can be
determined by using Equation (A-i), with s = 1 as

T = . I~ r2  x (x x r21)2nD xD z  n2;- n! .

P(B,nn
2) e rY

Usinql the vector identity tf

A x (B x C) = (A C) B -(A )C (A-)

it follows that

r (x x r21 ) x (r " x)r2 1
=x(1())- rr+ r

' y + zr r (A-31)8 - - z
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Next, letM

[cos ( t r )-cosat] (A-37)

(0-h. X)? ]
be the element pattern function. (Note that P n,) is dimension-
less.) Substituting Equations (A-28), (A-31), 2an (A-32) in to
Equation (A-29) yields the de--ire' result for the magnetic field

_R T(xlylz) = 1) Y [ x(r)21
2 W0xD z n '2 n n1=-Cc

y r X r(Y z r j rr

jPxr eSY~~ y ~z
P P(n1,n,)e r. e Z

N wN 9.1 Px nr xj~z m c
7 Y A Ai e . A-3

- m=1 n=1

Note iat in Equation (A-.13) the coefficient A. has units of [volts/
mt Thus, 14T has units of amersetra it should.I
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APPENDIX B

THE PATTERN FUNCTION FOR A RECTANGULAR SURFACE DIPOLE
WITH ARBITRARY MAGNETIC CURRENT DISTRIBUTION

Consider a rectanqular surface dipole with arbitrary magnetic
current distribution M ,(x',z'), as shown in Figure B-1. Assume
that M (x',z') is a co~tinuous function but that its values are
known for discrete intervals over the surface [- L/? < x < */?;
n< z > W j For example, M , cvuld he known over discrete in-
tervals corresoondin to the expansions used in a moment method
solution. The pattern function for the rectanqular surface source
in Fiqure B-i is qiven by (see Equation A-?7)

W WL

P : r Mx .(x',z')e dx'dz' (B-i
L0

where x x'- y d + z z' is the source point position vector,

r21  xr + y r + zr
x y

denotes the direction of propagation.
The rectangular region L- L/2 < x < L/2; 0 < z'< W1 is divided

up into N expansions along the width and Ne-' overlapping expan-
sions alowg the length. The particular case where N 2 1 and N
-1 = 5 is shown in Figure B-2. If expansion i is knwn to have
a piecewise-sinusoidal current distribution along the length and
is uniform along the width, with complex coefficient Ai, then
M can be represented as

Nw Ni-I

Mx',(xz')= y Mi  (8-?)
m=1 n=

where, I = m + (n-fIN w

Suhstitutinq Equation (B-?) into Equation (B-1) yields

LW N ft 21 d,pL l - Me dx dz0 - m:l n1l
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Figure R-1. A rectangular magnetic surface source
with arbitrary current distribution.
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7-1

To simplify the above integration a reference surface dipole M I
is located at the origin as shown in Fiqure B-3. The vgctor shift
from the origin to expansion function i is + z The
pattern function can now be expressed equivatentlyas z"

N N.-i JB(x X'n + z z n) r21

m= n=1 2

w 2w j&I." ] ~ z

f " M (x",z")e dx" dz"0 r
(B-4) ]_

where

" x x" - yd + z z" ,

M (x"z") A sIin B(-jx"L)r" ' sin B

W
w

L

x1 = L nz and
n

zI = (m-() w

Let

w t sin B ( x "_] e sj  x
Pl8'!'2) = f0 sin BE,

jezfr z dx" dz" (B-5)

then
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jMS- Me M9  M11 M 15

M I 2  Id6  Mga M11  M14
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L 0-

Figure 6-2. An example of the expansion used
IIto approximate M~ .(x',z').

I ~ZI

Mi I

I-Z j

iX

I Figure B-3. Introducing a reference dipole at thej position x:=O, z'=O.

IS



-Rdry Nw N- I A Bx' n r xP :P I B,np~n2  em~ nI i e nx] -

jRz 'mrz A

The double integral in Equation (B-5) is carried out as follows: =" i:

Se , dz"

0 -
J I 7 r z  s i n R '7 r z 

-= e z (B-7)

and from integral tables36

wjixzr II
sin (k-rx" )e x dx-

2 -cOS (W ~x )- Cos P0]- (B-8)

6(l (r ) 2)

Now 7let PYn I n.) = RP1(B,n],n 2, then usinq Equations (B-5),

(B-' ),a a d (B:8- -

P2 n 4e z 7 Z
P nl n7 = - -- - -r 

zsin ft

[cos (Rz r) - Cos (B-0)

( - (r))

Substituting Equation (B-9) into Equation (B-6) yields the desired
pattern function
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I ~ ~ P Pfnn,;Al,...,AN (Ne' 'i

sin(A; rz) [cos (Rtrx)- cos P9.I

rl( X)2)

N N-3. j~x' r, j~z' rz (-0

ml n=1



APPENDIX C

THE MUTUAL IMPEOANCF RETWEEN TWO RFCTANGUL.AR
ELECTRIC SURFACE flIPOLES IN FREE SPACE

In this appendix an expression for determininq the mutual irn-
riedance between two rectanaular electrlc,3 iurface dipoles with ar-
bitrAry current distrihution is derived. The usefulness of this
calculation, in the present report, is for evaluatinn the free
space mutual impedance hptween two piecewise sinuisoidal-uiniform
surfact souirces in Equiation (1-7),

Consider the two olectric surface dipoles m and ni in free
space shown in Figure C-1. The current distributions of dipoles
in and n are qiven by

a a

M (y 7) =z I i f m(1) g M(y) (C 1.)

- < y <;

a d

n. (y',z') z I n f n(z') gny) (C-?)

s Yb

where f is the Arbitrary distribution alonq the lenqth of the di-
pole And a is the arhitrary distribution along the width~ The
induced voltaqe on dipole mn due to dipole n is qiven by I

rfr(y,Z) * 7 (y ,7dy dz(-3
mn 7miTf nm

whereI

n is the f ree- space el ectri c f iel d due to7

tis the current distribution of dipole M uinder transmittinqm conditions, and

Int is the terminal Current of dipole m under trans~1ttinqI
conditions. It is defined by the integral of J mat
it's terminals and over it's width.

The mutuijA impedance between dipoles m and n is determined by the
relI a t i on
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b z

Figure C-Il. The geometry involving two electric surface
dipoles in free space.

I Vmn
7mn =- 

(C-4)

where I is the terminal current of surface dipole n. Comhininq
Equations (C-1) and (C-41 yields

7mn (itj tj (ylz) rn(Yv z)dy dz (C-5)

The electric field radiated by sourj -n. can be expressed in termsof the magnetic vector potential as

I vV.An(y'z)
' n(yz) = -jnA (yz) + -V*n y

or

I
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(Y.7 Ju + i_) y, C6

where 1

'A (V,, it7 r ( . (Y,v', z')dy' dz' (C-7)
n

is the maqnetic vector potential due to source

In Equation -7) *o is the free-space dyadic Green's function and
is given by

7 .=.. . .. J (Y-.y°) 9 (7-zs?)2
(., ) [x X + + z z] J - y

(C-8)

Substituting Equation (C-7) into (C-6) yields

(Y'7 (') o(y,y';zz')dy' dz'

(C-9)
A

Next, substitute Equations (C-?) and (C-P) into Equation (C-W)
with the result

a hS+ S+ h

(vz (_jt + r- ^ zq(y)-
(VZ) I " z fn(z n(y')

sz- S - -h

Go(y,y';z,z')dy' dz' (C-])

where

I
iF 

( - , 2 ( - '

Go e

4r y +(1'
" : "- -- .. .. : . "--' -°e,: ,.._ _ . .. . ._ _.r. ..... oy



I I

is the free-space calar Green's function. Equation (C-l) canI also he e,-pressei as

ha

IE(YZ) = I y + f (z)

b a~s-~A

Go(Yy';zz')dz' dy (C-11)

] where the bracketed quantity in Equation (C-il) represents the

electric field radiated by a line source with current distribution
1 z f (z'). This quantity will be denoted by e n(y,y';z), Thus,

Equation (C-l) becomes
Sb

]YZ gni(y') en(y~y';z)dy '  (C-12)

ln(YZ =n f b g

Sy-

Substitutinq Equations (C-1) and (C-i?) into Equation (C-s) yields

mI [ I l -b

IV+h gn (Y')zve n(y,y' ;z)dy'I dz dy (C-i11)

II I hs-~.

Interchanging the order of integration on z and y' in Equation1

(C-13) gives the result

M n 7 7

mn - Myn -nt- - I nT n y
JI I S b b

n6 ""n Y ,(C-14) A
a fmtYi

Q31

, .... " ~i ..... ' i----- T ... - r~l- - -T .T. . -



The hracketed quantity in Equation (C-14) represents the mutual
impedance hetweon two line sources with current distrihutions fr(z
and tn(P). This quantity will be denoted by zm n ( l y -y' I; S7 ).
lhts, nEquation (C-14) hecones m "

b t)
Y+

NI b g q()9n(Y')Z IY'l ;S,)dy dy'

(C-!15"

In qIner,1l F*quition (C-15) is evaluated by a four-fold numericl
intogration which involves i great deal of conputation.

For the case when f (z) and f (z) havP piecewise-sinusoidal
distributions, that is,

f z . ...sin (4 - ... .) . ( -

fn 17 ) ... a" < z _(C-176)

sin 4

the mutual impedance z_ _( v-y ; I can he evaluated in closed
form in terms of sine '.fl cosine il~teqrals. A computer pl~qram

wihdof's this is qiven in a report by Costello and Munk ' . A

similar formula for z (Iy-v';S) has been derived and programed
by Richmond r he t' PMinilcurr~nts in Equation (C-IS) are found

by integrating the currents qiven hy Equations (C-i) and (C-?)

at the terminals and ov 'r their widths, that is,

h

I~~

sinn

f ( .rfmOgmZd (C-17l)
n sin Rh

themutal mpeanc z y-'l; ca heevauatd i clse

form n tems ofOne os'in itqal.Acxpie hra



L _-

I :

I n fn(O)qn(y')dv' (C-IS)
IS

h

For the piecewise slnusodal-uniform surface current distrihution

used In Chapter III let gi(y) - gn(y')l, then from Equations (C-

18) and (C-19)

lm t .im (C- ?O)

i~n  , .n (L-2l)

Su1tistitutinq I'quations (C-?O) and (C-7I) into Fquation (C-19) yields

S +h/' hi?

n r r ( ly-.' S7 )dv iv' .(C-?)
n n -h /

The double intrqral in qt,,t ion (C-? i involvec a lnothv c(oiwpu-

tation, 4 |tt can he reduced to a sinqle inteqral In the followinqi

manner:

Consider the y,y' axes redrawn In Figure C-?. The square PORS

is the ranqe of the double inteqration. Next, consider the line
.

y -y + o r ly' - "i Ic- l constant. The mutual impedance

I (lV - Y' I; S,) is thus a constant alonq the line y'-y+c. This

go .rvation s',jgqsts the following transformation: Let

ii = J(y+y') y (u-v)

v =J,(-y+y') yE - (u +v)

then ly-y'l - f Ivl.

This trnsformation represents a rotation of fortv-five dvqrees

Tor the y,v' axt's (relaheled as u,v) as shown in I iqure C-3. Next,

the d iff erent i al rea dy (y' is transformed accordino to the fol-

1 owing relat ion:

In
(i~l

Ir



y Y+

S Y

y y 2

Fiqure C-?. In the yy' plane the square PQRS represents
the range nf integration in Equation (C-2?).

dy dy' J Y du dv (C-24%," \ u,vI

whure

i Jl au ,
a 'v (C-25)\U,V a }

is the Jacohian of the transformation.

From Equations (C-13) and (C-?5) it follows that

/ v ~y 1 _ : #?j

I i
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Figure C-3. A forty-five deree rotation of the Y,y' axes
results in the uv axes that are used in reducing

Equation (C-?2) to a single inteqral. SI
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Equation (7-25) can now be written as

V 3  tit v)

ni - r z m. n vl ,S WU dv (C-?6)
1' V 1 t . ( v )

where, fron Fiqure C-'

S-h S S +b
V v

S -b S S +h
V V V

vi I
U (v) u I Iv-v , ub(v) III Iv-,I

Since the inteqIrand in Equit ion (C-?6) is indtependent of 1J it is
clear that it is only nocessary to inteqrate over half the ranqe
aind multiply the result by two, thus

rnn 7 , n Iv I;S )du dv

S *h
_ - - y

""- -r tm n~I- lvi! Sf du ii

b IS- S,

S +b

-" r ( h~--V ~ ) 7)~% iv ., 7 v

h S -- " V- m.n IV ,

v.._-l,.(- , 7,



l i

k.

The integrind in 1quat ion (C-27) is an even function about v
so S +b ?

I P

47
ty Sirmison's rule Equation (C-?P) hecomtes

NMAX .,

4 Av NM-z
7' **n v k 7;, 1  Zm&' k I;YS

(C-?Q}):

where

vk S J + Av(k-1)

NMAX is the number of sample points.

Equatien (C-?o) is the desired expression for determininn the mutual

impedance Zfee space in Equation (3-7).
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APPENDIX D
THF MUTUAL ADMITTA.NCF BETWEEN A MAGNFTIC SURFACE DIPOLF
AND AN :NFINITF PLANAR ARRAY OF MAGNETIC SURFACE DIPOLJS

This appendix considers the calculation of the mutual admit-
tance hetween an exterior rectanaalar maqnetic surface dipole and
an infinite array of rectanqular maqnetic surface dipoles. This
calculation is used in evaluatinq the waveguide mutual admittanc.s
in Crpter III, see Fqiiations (-n.), (I-q), and (3-I.O' . The arrav
cont iqurat ion is shown in Fiq,-e [-1. The .?pression for mutual
adcrittance will be obtained by using the dual of the definition
of mutual impedance.

Thv ,nutual impedance between an infinite array of electric
surface dipole,-, and an exteriohoelectric surface dipole can be
f ound in the followinq manner: Let l represent the olectrc
field radiatei by the infinite array an-'J ( x,z) be the electric
current dens:ty ftinctiuu| of the reference element of the array
tunder tranc|mittinq conditions. Next, let 1 (x,z) he the electric
currnt densltv function of the exterior elment under transmittina
conditions. The voltage induced across L,'n terminals of the ex-
trior plbmpnt when the field from the array is incident is uiven
hy (see Fquation (C-3))

V fr a(x -d~z) * (x, z) dx dz (D-1)
I e

where

is the terminal current f ,

The mutual impedance between the exterior element and the array
is then given by (see Equation (C-4))

V
Ze - -e 'D-,)

where I(e) is the terminal current for -e

Substituting Equation (0-I) into (D-2) yields

rr - (x,-d,7l • (x,zldx d2
ea lTaT(e) a e

-i e

(D-1)
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IFigure D-1. Infinite array of rectangular surface sourcesjland an exterior element in the xz plane.
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II

(D-4)

where 14 (x, -d,z) is the magnetic field radiated by an infinite
array of magnetic surface sources,

K(a) K(e)
K and K are the termlnai currents of the magnetic current

densities Mand M

The maqnetic current densities that will be considered here
are rectanaular piecewise sinusoidal-uniform surface sources (with
half-length Z. = L/N and width w =W/Nw), that is,

sin fR(9 x
S(x,z) x K_a at s(_ < -x <

0 < z <w(-5

11(xz) xK sin R( 9, -x-x'1_) - +X' x <9+X';
e~xz e s jf t - -

Z< z < w + Z' (D-6)

where, from Chapter 111,

L is the length of the waveguide (see Figure 3-1) and W
is the width,

N -1 Iis the number of bases along the length, and
N9  is the number of bases along the width,w

From Appendiy A, Equation (A-33), the x-component of the magnetic
field radiated by an infinite array of rectangular surface sources
with piecewise sinuisoidal-uiniform current distribution is given by

x 2R n 0 zn 2=c n,

Pfn1,n,)Ce -j x r e r~ (D-7)
y



where P(n,,n.)) is the pattern function for the current dis-
tlb tibn in Equation (0-5) given by Equation (A-3?),

AA
r1- s + n,)I x sx x

xIA
rz  sz + n I  and

I ..

To simplify the mutu'al admittance calculation the exterior element
is shifted frcxin (x',') to (0,O) and the reference element of the
infinite array is shifted to the location (-x',-z'). Frowm Equations I
(]i. ) and (-6). the terminal currents are

K 0 M (fl,?)dz w t (.-%

W
K(a) M (O.zldz w K (0-9)

e 'e0

Substituting the above information into Equation (0-4) yields

x U

1 . .. t r
w On -JB(x-.x') r"

-JS(z-z') rz

The douhle inte(oral in Fquat ion (P-10) Is s.imply ---- s-- that
tis, the pattern funtion under tran'nittinq ('ondtions (note P,(n ,n)

P*(nj ,nl where * means con,ljuqate). Thus, Equatlon (0-10) simp ifies

I to ihe detired result

1 m'
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APPENDIX E
THE EXCITATION CURRENT MATRIX ELEMENT CALCULATIIN

In this appendix an expression is obtained for ev3luating
an element of the current excitation matrix in Equation (3-4) for
the aperture region of the probe-fed cavit. ,backed slot antenna
shown in Figure 1-2. In Chapter III the exctation current was de-
fined as

Im " -T (E-l)

K

where l m is an expansion function,

Kf m) is the terminal current for R and

Is the magnetic field incident upon the aperture due
t6 the probe source in the wavequlde.

The incident magnetic field is obtained by first using the method
of image% to replace the prohe And the cavity-hacked waveguide
by two infinite arrays of dipoles. Infinite arrfy techniques are
then used to obtain a plane wave expansion for Hx. Usinq the inner
product defined by Equation (3-5) the excitatlon current can be
expressed as

in Tm) ff fm dx dz (-?)
m

In quation (E-?) an assumption is that some propagating mode is
incident on the aperture due to the probe source in the waveguide.
Furthermore, Equation (E-?) is valid for a perfect electric con-
ductor covering the aperture. For convenience the perfect con-
ductor can be removed and the magnetic current 1W doubled by image
theory. Equation (E-2) then becomes m

m  Tm- ..rm  m "x dx d? (E-,)

where 14i is the x component of the maqnetic field radiated
h,§ the probe source in the cavity-backed waveguide.
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The, ihovo express ion can also he oht ai ned froim lhasic antenna pr InclI-
ple% as follows: An x-directed linetr dipole modo in is shown in
Figure E-1. Let an electric field E be inciden qupon I t. The
voltage induced across Its terinals is gilven by

VdPl r *' I (x)dx (E-4i)

where 1 (0l is the current. distribution of dipole m uinder trans-
m'ttinq conditions,

I is the terininal current.

Next, let the same electric field he incident on the strip dipole
mode in shown in F igure F-I. The induced voltaqle across the ter-
minal,. of this mode is

L r r1  3(xldx dz
s tri I P (Z -4
dipole

f J' 3 (x) dx (E-5)

where, J (x) is the current density of strip dipole m under
t~lansmittinq conditions

J~)is the termninal current density.

Finally, lot the incident electric field illuminate a rectangjular
dlipole mode of widith w and! length 't. shown in Figure [-I. The
induced voltage across the terminals can be found by integrating
the strip dipole of width dz over the width of the rectangular
dipole, so

V ri X J (x z)dx dz
mrectangujlar 0 7 (0. Z) -~m

L dipole

For the particular cast, where the currtint densi tY is not a function
of z, Equ~ation (C-6) simplif ies to
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2 itLINEAR DIPOLE MODE I
IrI

dz J(x

wI
Vx

21

tSTRIP DIPOLE MODE

[ ,I

lA

RECTANGULAR DIPOLE MODE

Figure E-1. Linear, strip, and rectanqular dipole modes.
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V X w i Jm(x)dx dz . (E-7)
rectangular - ) 4
dipole

The above quintity has units of volt-meters. To obtain volts it
is necessary to divide by the width w of the dipole, with the re-
sult

M JM)w f " X Jm(x)dx dz , (E-8)

dipole -

but I = J w so

w
mrectangular -Tm) 0 f g " x Jm(x)dx dz. (E-9) .

dipole
An expression for the induced current on a re6anqular maqnetic
dipole can now be oalned by taking the dual of Equation (E-
9), with the result 2

I Tn) f f " x Mm(X)dx dz. (E-10)mrectangular K~) 0 -t
dipole .

Equation (E-10) is seen to be equal to Equation (E-2).

Using Equation (E-1O), with the incident magnetic field H
i

due to the probe source in the rectangular cavity-backed wavegbide,
the excitation current matrix element I (see Figure E-2) is found
as follows: The x-component of the mag~etic field radiated by
a linear monopole of length h, with assumed sinusoidal distribu-
tion, in a rectangular cavitySacked waveouide has been derived
in detail in a previous paper . This was done by first using
imaqe theory to replace the probe and the cavity-backed waveguide
with equivalent sources. The equivalent sources for this problem
are two infinite arrays of dipoles as shown in Figure E-1. Infi-
nite array techniques were then used to obtain the magnetic field
in terms of the followinq plane wave expansion, which represents
all possible modes (propagating and evanescent) in the waveguide,
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WAVEGUIOE PROBE EEEC

z , PROBE

( (0,0,01

NnM Ix (-X', 0- z')

ret
, O-d,z)) MM

L (O,-d,O) L
2 2

Figure E-?. Introducing a reference dipole and probe.

1 0 C..
H (x,-d,z) 0 I (n1)

Xm=O n, =.W ni 1

xr -Ji(m2c+d)rv -jBz r (E-1l)

where,

I is the terminal current of the probe and is assumed to
one ampere,

r = (n +
x 2_

i xr 7 = n I ; I N

ri  --(r i (ri ?
y 7

pcos t~h rz) - Coshi (--
" ~ ~~~P(nlz))E- _

:, (1 - (

19
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is the pattern function of a single element of the array,

m--l,l corresponds to the two infinite dipole arrays.

The propaqatinq modes in the wavequideicorrespond to r real. Eva- I
nescnt modes are accounted for when r heccrs imaqin1ry. There
are othek9equivalent methods for obtaining H , for examp by mode
matching ' and by employing a waveguide GreeA"s function

In order to simplify the calculation of I the expansion func-
tion R is shifted to the location (0,-d,O), swe Figure E-? and
the twT infinite arrays of dipoles are shifted by the amount
(-x',O,-z'). Note that in Figure E-3 the magnetic current is
douhled at the aperture due to the perfect electric conductor,
thus ?M should be used in Equation (E-10). For rectangular piece-
wise silusoidal-uniform surface expansion functions with half
length Z and width w

- X sin pt < (E-13)
M :-x Kx sT ing. " (-< T

L. .1

where =

Wi
W II

w

N - is the number of expansion functions along the length
of the aperture, and N is the number of expansion func-
tions along the width.w

By integratinq R over it's width and at it's terminals the termi-
nal current in EOuation (E-1) is found to bew

K(m )  . Mm(O)dx -w Km  (E-14)
0

In reference to Equation (E-11) note that

-jf'~ lj pdi -jp?cr1

o" ro  
- m d =  

1  e Y)

in=0

Suhstitutinq the above quantities into Equation (E-10) yields
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... ... i 1ri  -j , cr i

0 -I  " "Pl(n,) e YOl-e Y)
In  TA I ... ...

w -iR(x->.')r it, -z) ri z
I e

w 0 -R

S n -I - . 1, E-

tuiiq rqutions (B- ) and tR-q, [quation (E-15, can he expressed
as

I 0 t,
im  0 y P1(n )P(nl,n2) e Y(I-e -y

?r 3LWw n,- ne...)

it' ' r jL~z' r
e e (E-16)

where P.(nln,) is given by Equation (B-9)

Equ.ition (E-16) is the desired expression for computing values
of 11n,
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APPENDIX F

THE METHOD OF WEICHTED RESIDUALS

In this appornix the method of weiihted residuals 4 (cownonly
reterred to a, the method of moilients) is presented. This method
is used to ohtain an anproximate solution for operator equations
of the form

1. t(0 f(xl (F-1)

where L is sine operator. The approximate solution for the func-
t ion @( is foid by Ls inq the trial function expansi~n

N
'.( ' Ci i, (F-?)

121

where N is the number of unknowns and C. is the unknown coefficient
associAt'd %ith the tri1,l funct ion i(l. The residual is defined
over some interval [ci] as

R(x) i C L "i(K) f(x) (F-3)

The residual represents the difference between the approximate
solution (x) and the true solution t(x). The N coefficients
C i are detlrm ined hy the N equations

.f w,(xl R(x)dx = 0, j (F-4)

where w.x) is a weiqhtinq function. The inteqal in Enuation (F-
4) repr.sents an atteinpt to minimize the difference between the
approximate and true solutions with respect to a qiven weiqhtinq
function. The amount of error in the approximate solution depends
on how well the tial and weiqhtinq functions model a desired proh-
lem. For the case when the weighting functions are chosen equal
to the trial1unction (IGalerkin's method) the error will be of
second order' That is, for a ten percent error in the trial
function the approximate solution t. will have a one percent error
with respect to the actual solution ,.

To reduce the inteqr.i-l equat ion in Equat ion (F-4) to a system
of simultaneous equations, suhstitute Equation (F-3) into Equation
(F.-4) which yields
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or
N

F w-1 ( wih dh N (Flt

, flf inc

Y( -F w.w(xLth d (F-S)

c ; w(x)f(xlx (F-c )

Substituting Equiations (F-8) and (F-9) into Equation (F-7) yields
the ce ;p3Ct fornm

NN

" C.V = I .i=1, . .,N(F-IO)

In m.atrix notation the solution for the coefficients C. can he
expressed by matrix inversion as

I 
tY ] x (F-l dx-

If Galtkin s method is used st w( i ,(u in F u7tions (-
In nd (F-. That i , the weiqh&'funrtioA and the trial function

are the same in Galerkin's ,nethod.
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I APPENDIX G
INFINITE WAVEGUIDE: TEST CASE

In thi3 appendix the theory introduced in Chapters II and
SI III And Appendices A through F will be applied to the infinitely

lona rectangular wavequide shown in Figure G-1. The probe source
is assumed to be operating such that the TE mode is generated.

4 Since the wavequide extends to infinity (wiR no discontinuities)
the doninant inode will continue to propagate in the -y dire(tion
with transmission coefficient equal to one. The above mentioned
theory will be used to verify that this is true at y=-d.

! jl The first etep in the solution is to place a perfect electric
conductor in the wav.?quide at ya-d. Next, rrgnetic current sheets
_ and -R are placed on the left and right ides of the conductor.
This results in the equivalent situations for regions wg and wg2
shown in Figure G-2. Only one piecewise sinusoidal-unif;rn ex- 2

pansion function will be used to approximate 1 for convenience.
Thus, the magnetic current can be expressed as

I 'R ( G 1 )I S

where N1 is given by Equation (3-3),

K (1 ) = W K is the terminal (:urrent found by inteqratinq
over the width of MI, and

V1 is the unknown constant tu be determined.

Using Equation (?-10) the unknown voltage response can he expressedj as
V1 :-------- G?

Y wgI .wqpI Y1,l+ Yl,t

i By .yArmctry Y I Y 2 so

V1, (G-3)

1 wg1 ((3j 2Yl,

£ 115

,I " iI II '- I 'I II-



SIDE VIEW
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,, " yI - : :
X: -Y

y=O

FRONT VIEW
z

PROBE

L

Fiqgure G-1. A probe-fed rectanqular wavequide
extend.s to infinity.
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CONONDUCTOR

CONDUCTORg

Figure G-2. Equivalent situations for regions wg1 and W92.
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The oxc i ti t i on i:urv ron t I for the TE umodo can be determi ned frcyn
Equation ([-ifi) tising n 1 and n-'1Y.Eprsin n em
of the incident in qnelti field y~d Expesn Itrm

4 i t

,3e' .(11,0l) is oivon: hy Equtiation (f3-Q) with S?, /9L)
1 ho t ictcl of I our i nI liit i on ( G-4 ) anr ss v-IF t, on a f a ct or o tiwo
h.t i t t k., nert o( t Con~ii't or adri a t act or of N~o froim tilt, two
t rmos n o. - I int 4avoqu ide self admiit tancte is; found f r(Xn Equation

(f-I, sinqo -0 LY' =0. 'Ind n1 =0, n.,O,-1 with the resultA

wq/ 9

x z

Whore a1 t act ol of t W( ., used1 toC in I urled( the effeOct of the perfect
r odti t r. Nex ilf ietheTV transi ss ion coef f I c i ent ts the

rat io of the, x comAponlent of th; 1 nqittic field radiated by
(at y-d() to thet inn idlnt m11,qnet in field (,it y=-dj), t-hat ih,

Hi S

F oyrt ov Illien'co theit t ra nsmnIi ss ion co(tf f ic ieont w ill heo c 11 l at ed
1at thln i dloi ot Of the1 jpoirtj j'(re r 0, 7 W/ Frx qitat ion

t'. )with n 1-0,11,,-0-l and x =nl t',"e scatt'reI 1E1  miaqit i c f i e 1
Iu to -H% It v c'i

if (-H 7r il-( J P(0,0). (G-7)

Suhst i tnt inq Eklijit ion% Cf (C4 and (-i)into (G-7) yiolds

-- -------- W

n i B l 1 ) 0 D W , 5 ( 1 x p , ( .n

(C-fl



which reduces to

x s G9

Suhstituting Equation (GAQ) into (G-6) yields T I as desired.
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APPENDIX H

x ARtHAY J1- SQUARE APERTURES: CONVERGENCE TEST FOR
REQUIRFD NUMBER OF OVERLAPPING PIECEWISE SINUSOIDAL

EXPANSION FUNCTIONS PER APERTURE

This appendix addresses the problem of determininq the required
numhet of overlappinq piecewise sinusoidal expansion functions
per aperture in a finite arrav such that the aperture reflection
coefficients have converqed. Square array elements with aperture
lenqths L-(.7I4 are assumed. It is assumed that to obtain a
reflection coefficient that has converqed (hut not necessarily
to the correct value) the required number of overlappinq piecewise-
sinusoidal expansion ftinctions will he independent of the number
of pulse expansion functions used in the transverse direction.
Thus, one pulse expansion function is used alonq the aperture width
(E-plane) for convenience. An additional assumption is that
the convergence in either expansion direction will he ahout the
same for each of the finite arrays of sizes 3x, 5x, 7, qx,

and 1Ix with either square or rectangular elements (L=O.5714X).

A Sx5 array of square elements was chosen as a test case.
Reflection coefficients for one and three piecewise sinusoidal
expansion f8nctions were comguted foroE, H, and quasi-E-plane scan
angles of 0 (broadside), 30 , and 60 . The results are presented
in Figures H-I through H-8. Generally, the data shows that the
magnitudes of the reflection coefficients for one and three piece-
wise sinusoids are within a few percent of each other and the phases
of the reflection coefficients within a few degrees. lhus, one
piecewise sinusoidal expansion function should provide good re-
fliction coefficient data for small finite arrays if L - n.57X.
This approximation is used in the finite arrays dealt with in Chap-
ter IV.
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Sx5 Array

I piecewise sinusoidal I piecewise sinusoidal
expansion function expansion functions

CENTER COLUMN CENTER COLUMN

+ + +

.07 .11 .oq . o .11 1 .10

0 0 -54 :136j -1?

I92 .?&I ., .9 .23 .26
.600 -8.0 _° .0

812

i.18 .19 10 18 .70Li42 :141 1654]
-161 -141

E-plane
0

(Broadside)~

Figure H-I Sx5 array: reflection coefficient
convergence test.
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5x5 Array

I piecewise sinusoidal 3 piecewlse sinusoidal
exDansion function expansion functions

CENTER COLUMN CENTER COLUMN

20 4 .29

120 164 .20 .24 .3015156 40° 144 °  1630 1j :.

.27 0.33 0 41 .26 .34 .42 0"156°1 -161 "160 - -170 "64c -161c i

.23 .270 .38 .23 .270 .380138 1420 11401 139 c -14 o 1460,-

.22 .26 .340 .22 .26 0.34 0
-1460 -1560 -147 146 ° -158 -150

.35 _.43 0 46 .35 0 .43 0 46

1300 -142-13 -130 ° -1440 .4

E-p~,ane
30

Figure H-2. 5x5 array: Reflection coefficient
convergence test. -
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I

5x ArrayI
I piecewise sinusoidal 3 piecewise sinusoidal
expansion function expansion functionsI

CENTER COLUMN CENTER COLUMN

.44 .60 .50 .44 .61 j52

I 1600 1540 i540 1600 154 153 °

.57 .74 63 .57 0 .74 .63

1680 161 0  1640 1680 1600 1630

.60 79 67 .60 79 0 69
1690 0 620 i66 0 169 161 64

.5 .5 65.58 .76 .67LI
5 0 75o 6 0190 16 0 630

.46 3 .56
6 .62 00 01 063 ° 15 °  17 u 1630 157 u  15 °

E-Pl8 ne60

Figure H-3. 5x5 array: reflection coefficient
convergence test.
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5x5 Array
H-plane 300

I piecewise sinusoidal
expansion function

.6 . 1...14 .. 0  C TEH ROW

198 0 -- 20
3_ . .-10 0 144 CEN- ER ROW

.27 .30 .3 .4.t .41

0 0 0 0I 0

19 - -4 .. - -5

.10 0 .07- .01; .06 .15 080 L0 _ - O -2o° 0 1 _71

3 piecewise sinusoidal

expansion functions

.18 .19 .16 .,17 111
330 - 90-110 140 1-44 o -- CENTER ROW

15o  . _ -4_ 25o

.10 .08 .07 .08 ,16
65 0 is50 210 280 _'680

Fi.qure H-4. 5;xg array reflection coefficient

converqence test.
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S5x5 Array0
H-plane 600

1 piecewise sinusoidal
expansion function

.I9 .380 *o 40 0 380 .260 CENTER ROW0 -22

.25 .38 .39 .3P .25o
-7°0 140 1701 15° " 50

.13 .24  .250 .23 .13 0
370 210 -22 -210 -401

LI
1 3 piecewise sinusoidal
A expansion functions 4

..25_ .37 .36 .37 .250

_90 i0 110 .

.13 .23 .34 3 .2 S .oi40 03 04 07_40 0  -?30_4 - 23 -410

Fiqure H-;. Fx5 array: reflection coefficient
converqence test.
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5x5 Array

I piecewise sinusoidal I piecewise sinusoa la
expansion function expansion functions

CENTER COLUMN CENTER COLUMN

I-
+ ~ + + + +1

tt 4 t t

.38 .40 0 2 3I7 30

-?1 0 0 0 1

01 0 170 ".o K jo 140

IQ .41 0£ ?3 -4

Quasi-E-plane0°

(Broadside)

Figure H-6. 'qx5 array: reflection coefficient
converqence test.
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5x5 Array

I piecewise sinusoidal I piect.wisp sinuoidal
expansion function expansion functions

CENTER COLUMN CENTER COLUMN

1 .18 0 .08 .18 .100 9 I o
1785 0 -175 159
?0. 11..t. . 2 09

*1? 01 11 8 5 __ _800 _17 __ 9?0 .tll .08 .20 .12 07

170 *Ot 06 I-1210 -860 :10101
12817 .88 0

K9  .14 1 - .19 4 .14
1130 860 900 30 "  9_,

: i J -- II o c Ir. . 1 4 .14

oj -59 °  _ 1o  -630

Quasi-;-plane
30

Fiqure H-7. xS array: reflection coefficient

convergence test.
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F

5xS Array

I piecewise sinusoidal 3 piecewise sinusoidal
axpansion function expansion functions

CENTER COLUMN CENTER COLUMN

21 4 .

1 9-1.s -104 -97

1390 54 581 .37 49 0 !.5
-140

0  11 13-43-U %l i

430.70 6 4 0 52 0 54

14101-1160 :190 j-144 -117 1-11?°I
o41 _! 47 1:2,0 6 4'o

.2? 0

Quasi-j-p1 ane

Figure H-8. 5x5 arrav: reflection coefficient
convergence test.
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APPENDIX I

I ~ ~REFLFCTION COEFFICIENT TABULATION: OUASI-E-PLANE SCANNING- =

WITH SQUARE WAVEGUIDE-FED APERTURES, L-0. 714),.

Ia

I I:

iI

IJI

4

12
I

II

1 1
If

I ' _ III y : = . . . .



3x1 array 7 pulses/aperture

Quasi-E-plane

.06 11 .06
0 o

1.2^ J.25 1.23 0

105 0 9 9 41Q5 (Broadside)

1.06% 0 0  06

-A :13 :84

.54 0 .54 0 600

L9? 0 83 -9?
. 0 .43 0 .33 0
SI -70 -fl,

Figure I-1, ReflectIon coefflclents for elements
in a "x3 phased array.

iinA



- 5x5 array 7 pulses/aperture

- CENTER COLUMN

-I__++ +

.1 7 ". " .18 0 0 
-

_ 3° - ..  4_3-- (Broadside)

.1 7 0 . 6 0 .1 6 _ 0.
l~op sno 75°

.0? "1 .1467 _ 0 ,,- 14° -

Ouasi-E-plane

L1 CENTER COLUMN

34 0o 54 .60 0

.610 860 .30

:-so 70 . 67

I _6_ -__

.14 .;4 .60
-n0 .600 _",o

I

Figure 1-7. Reflection coefficients for eementsI in a xS phased array.
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7x7 arrav 7 pulses/aperture

(A NiLc COi UMN

t

4 t

.14 1.12- .110 .100990 60°  450 39°

17 .15 0 .150 qiO i 6?°  44U  401

.14 11 .10

. 14'] . P. ii06!1_. ° f? ° - I

Quasl-E-plane
00 (Rroadsidp)

Figure 1-3. Reflection coefficients for elements
in a 7x7 phased array.
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I
I

7x7 array 7 pulses/aperture

CENTER COLUMN A

.:.33 .53 .62 .64
0 0 60 0 .60.80 .6 °  56°  540

.58 0.84 0.96 099-81 .68°  62°  60°

.600 .93 107 1. 11.74°  63°  57°  560

.59 .93 1.08 1.12
:730 -610 -56 -540

.60 .92 1.05 1.09

.750 630 .570 :550

.58 .83 .93 .96
? _ 67 -61 -5Q 0

.33 .52 .60 .62
-7 ° -600 _54 _51

Quasi-E pl ane
60

Figure 1-4. Reflection coefficients for elements
in a 7x7 phased array.
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9x9 array 7 pulses/aperture A

A

CENTER COLUMNj

t + 4 t

+ + + t

16 0 .1 11 10 4 10 0q

.1q .14 .11 .09 .08~
i lOo 96 0 89 0 860 840-~

A

Qgas i-E-pl ane
0 (Broadside)

Figure 1-5. Reflection coefficients for elements
in a 9x9 phased array.
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9xQ array 7 pulses/aperture

I CENTER COLUMN

] -
34 0 .53 61 0 .6 .610.80 640 .580  540 -53o

o.590 .85 .95 . .96 0820 690 ..62 .58°  -57o

.76 _64 56 -5? -51

I' _760 .610  _530 4

8 1: . 1.O ; 1 It
770 610 5 4 -4

77 Ro  1.O1 1,07 1,fl7

-770 -6 ? 140 - - ;7 _ 0

0 0 0604~_ 0 - 50 .50 .50

Figure I-6. Reflection coefficients for elements

in a 9x9 phased array.
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11x1 array 5 pulses/aperture

CENTER COLUMN

4 + 4 t +

+ . 4 f.. ..

+ +

+ + + + tI- -

.IQ .16 .14 .12 0. 11 .11 0
I000 70 56 44 360 .13

.17 .15 .13 .10 .10 .0q
in 69 0  F ;00 480 470

.17 is~ .13 .10 .09 0Q
40  0 50 ~0 30 70

10 F7 S10  R 40  o,- al'-'

.0 .10 .13 0 1 .1 0 . 60 0

0 Q 30 -4? -43 A
?o -1 ?_q o -17 , 42 o  -41"

QOas i -E-pl ane
0 (Broadside)

Figure 1-7. Reflection coefficients for elements
in a Ixli phased array.
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11x1 array 5 pulses/aperture

CENTER COLUMN ]
IL I

.31 0 5 .61 .6;2 .61 -60

._ 57 _66' -5' 570 I
.55 .84 .95 .97 .95 .94

-84 _ 79 -65" _62 °  610 -610

57 .91 1 04 1.060 1:05, 1.040.78° 0_66 0  60°  -560  .54 53

5? 87 1.02 1.040 1.03 0 .g79 .650 570 52 0 49

01 .86~ 99 l.% .990 .98.S 6 7 ' .5 7 0 -5 .4 8q 4 7 0

.52 0 .- 6 0 o Q .0o 1.01 Q 7
-PS°  -6F°  -57o  -51° _47 o  46o

.51 .86 .0 1.0)? 1.00 .Qq
0 0 0 0: 0 A81 -66 -7 -51 0 480 14

.;3 . R 1 02 1.05 1.03 1.02
7P0 6 5

0  5 7 -9;O 500

;7 .01 1.04, 1.06 1 .0 i.B 03-78 -66°  -6o o 5 -5;

.55 . 3 .93 .95 q3 .93I85°  -710 .650 .62°  .61°  .61°

Quasi- -plane

60

Figure 1-8. Reflection coefficients for elements
in a 11xiI phased array.
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APPENDIX J

REFLECTION COEFFICIENT TABULATION: QUASI-E-PLANE SCANNING
WITH RECTANGULAR WAVEGUIDE-FED APERTURES

FOR L/W ?.?5, L-0.571.4X

1381

-i

La

IN
IN

138

__ _ __ L



Iz

3x3 array 7 pulses/aperture

.07 0 .14 0 .070T-2 "2 o _

.17 .11 .17
167 °  -139 °  -167o

-2 -2

Qasi-E-plane
0 (Broadside)

Figure J-1. Reflection coefficients for elements
in a 3x3 phased array.

1
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I
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5x5 array 7 pulses/aperture

CENTER COLUMN

F- tj-

141 1380 14?

.1') .03 0 .010

1610 14680 .580

Qgasi-E-pl ane
0 (Broadside)

Figure J-2. Reflection coefficients for elements
in a 5x5 phased array.
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I , I
TII

7x7 array 7 pulses/aperture

CENTER COLUMN

++

.19 .18 .16 .15
10 80 50 05

S.180 .11 .08 .07 0

1350 1 I 01°  990

7.0 .0s 0 .09 .100
1600 1990 - 6 8O .5

.13 _ ?4 . 8.q
-230 0 -4 °  -100 310

Q~asi-E-plane
0 (Broadside)

Figure J-3. Reflection coefficients for elements
in a 7x7 phased array.
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9x9 array 7 pulses/aperture

CENIEN COLUMN

2 + +

+ +:

$; z,-i

.I8 .16 .15 .15 .14119 °  770  65n9 60°

19 0 -1 .12 0 .100 .09 0
1200 Q0- 77°  710 70°

Is8 "0 05 04 "04o

631 127 4S -i7?O -i56O

.11 01 .10 .13 .14
0__o 0i -,,,  oo _,o

O8as!-E-plane

0 (Broadside)

Fiqure J-4. Reflection coefficients for elements
in a OxG phased arrey.
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9x9 array 7 pulses/aperture

,I CENTER COLUMN

.53 0 ;4 0.8 ; 1 6

1?7 o o 180 _l o

.31 .35 .40 .44 .46
_1 _o -1310 -129 °  -127 °  .1?6 °

.30 .33 .39 .43 0 44C
-121 -ili1 -110 -109 -I08

' .31 .40 0 .47 1.51 .52
-1260 -1130 -108o  -i060 -106°

.300 .37 0 .440 .48 0 .49-127°  -1130 -108 °  -106 _1050

.29 .360 .41 .43 44
-125 -102 -96 -94 -94

.26 .35 0 41 .44 .45
_1120 -87 -8 -80 _790

.25 .34 0 .o 4.41
8Q 61 _60  -61°  610

.30 °  ,41 *44 .44 .44

Quasi- -plane

30

Figure J-5. Reflection coefficients for elements
in a 9x phased array.
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Ixq Array 7 pulses/aperture

IIC( NI ER COLUMNA

.74 1.0 1 14I
-7.5 _7- -64 ..64

. 7 . IMP .91 .4 .95

-70 ._ r4 o ~ 0.- -40 -46- __ _ n  -- __4

.7 0 l O 1.0 0 1 I1 1.15 1 16

-74 _0 .55o -53

.6 811. I 96 .91! .9
-75 ° 0 .13 0 5q °  .lR 0 :q70

.611l . 89 0 6 . 90 .98
740  -60°  -56°  54__ -4-

68 8H.P4 . QO0 _ .1 9 .(4

W 0 .7.1 .76 0 .77 0 .77
.74°  .-;0 .57°  6 ! _56

" _ _o _r7 _ _.,6o

-70 -48 -60q'

.61 .7'3 .76' ,72 .77

- ~ -o n7 5

OQm -F-pl 'n

riqire -6. Rffl, rtion coeffirIerots for elements
In a OK0 phaisd array.
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IIi

III
J1

lIxIl array 7 pulses/aperture

CENTER COLUMN

+ f +-I

4+ + 4 +

-+ + 4 t + +!

.no .tS .14 .13 .13 .1
ioe8 680 460 37 0 ~330 32
.180 .150 .13 .11 .10 Vo
107 °  740 51o  470 460

17 0 .1s% .l1 .0R 1 07 0663o qlo 7o CIo i06o i~O

is~ .1 nnr .n7 I 08 .np
!.i 1g; ', o i, 400 164 0  17q °  -!7A 0

14 .0 .fl .10 .11 17-
i6 9 0 _16 o _10 o  "1g, "g°o n o o

.10 .21 .?5 .??.6 ,?07 30.221 0- _l 26 o 0 1 8 -_.[Q30 o 0.

Qu~si -E-pl ane
0 (Broadside)

Figure J-7. Reflection cnefflcients for elements• in a llxIl phased array.

I i145

i



APPENDIX K

REFLECTION COEFFICIENT TABULATION: E-PLANE SCANNING
WI'H SOUARE WAVEGUInE-FED APERTURES, LzOAq714X

-I



3x3 array 7 pulses/aperture

.21 .33 .21
i44' 148' 144 °

3? .40 3? no

1?8O  1320 bF °  (Broadside)

.1 .33 .21
1440 14p,0  440

E-plane

.35 .47 .35
1780 1630 1780

28 41 .?8 0
iS o8 j.yS0 30

."17 .18 .07
-14n ° 17Q 1400

Figure K-i. Reflection coefficients for elements
in a 33 phased array.
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-3x3 array 7 pulses/aperture -

.32 0 .46 0 32 0-154 ° .770 -154 °

.4.1 0 '4 .43 n
_14 ISQ° .. 14°

0~ 0 3 50-133 r163°  131

E-plane

S.?? .33 .22
-1330 .6I °Z. 013°

.43 .53 .43
1340 .159 ° .14 80

.33 .46 .130
.1540 . 477 1154

Figure K-?. Reflection coefficients for elements
in a 3x3 phased array.
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SxS array 7 pulses/aperture

CENTER COLUMN

f +

.0 .37 0 31 00
130 1380 13Q0  (Broadside)

:1o0i 3S 0 33:IP 1 33°  380

.2 .31 .27-•~43 1463 2 5o :

b .E-plane

CENTER COLUMN

I.36 .44 .41
177 0 1640 1780

.30 .38 .35
-166 1770 1670

. 8 37 .34 300

-167 i770 -1690

.27 . 6 .32
-1610 1770 .1650

.06 .I's .13
0 0 0-150 178 "165

Figure K-3. Reflection coefficients for elements
in a 5x5 phased array.
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5x5 array 7 pulses/aperture

CENTER COLUMN

.33 .44; .3
-158 ° -17S ° -16 °

.48 0 .58 .47 0

.1380 s -146

.49 .60 .490

-1340 -1530 -1440 500

.47 .55 0.48
-1330 -150

° -1440

.24 0 :32 .- 0 01

-135 ° 156 1520

E-plane A

CENTER COLUMN

.24 .31 .9
1350 .1960 1520

.46 .55 .48
-1330 -1500 -1440
.49 .60 .490

-1340 1530 -1440 800

.47 .58 .47

-1380 1580 -1460

.33 .45 0 .35 0

.1580 1750 1660

Figure K-4. Reflection coefficients for elements
in a 5x5 phased array.
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I 7x7 array 7 pulses/aperture

CENTER COLUMN

t + + T

.30 36O 33 3

30 0 6 40 35 0

.32 .37 .34 .36[ 280 6340 i38 0 32 0

E-plane

Figure K-5. Reflection coefficients for elements

I in a 707 phased array.
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-I.

707 array 7 pulses/aperture

CENTER COLUMN

16 .43 .41 4)

i760 i6;5 o 0 1760 i{ ,0

30 0 .38 0 ,17 0 .36
_167 ° 178 ° _1700 178 °

.28 .35 .35 .34
168 ° 179 ° -68 0  7R°

28 0 .35 0 .33 o .34 0
.16R ° i770 68° 1770

.2_80- . ,33 0 .350
169 ° 177 ° -172 ° 178 °

.27 .35 ; 33 .33
163 °  -177 °  -68 °  -17F;

.06 o .15 .14 .13
156 °  79° .700 so0

E-pl~ne
10

Figure K-6. Reflection coefficients for elements
in a 7x7 phased array.
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I

7x7 array 7 pulses/aperture

CENTER COLUMN I
*.*q *43 *~ ]N.4

15 ° -1740 _6R0 17n0

.48 .56 .47 . 6 o
-1380 -1580 -14o ° -153

.490 59 .49_ .580
-135O -54 -1480 -150

.510 .600 .510 .58 1
-135 ° -53 -48° -i490 A

.51 .59 .53 .57
i-134 o -1520 .- 46o _1480

.47 .55 .51 .52
-133 .1500 -145 -147o

.24 .32 .30_ .2Q
-136 156 52 -154

E-p~ane

Figure K-7. Reflection coefficients for elements
in a 7x7 phased array.
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7x7 array 7 pulses/aperture

CENTER COLUMN

1 4 0 .37 0 O 0J36 _ISo -51 o_54o

47 5 51 .52_i33°I10 o  _1'S -470

-.5! 0 60 0 .53 0 57
134 ° -52 -146° -148'

.50 .60 .51 .58

-1350 -]53 -1480 -1490

.49 .59 0 4q .58
-135 ° -154 ° -148° -150°

47 0 56 .47 0.56 0.61391.58° .149° .153 °

30 .4 30 .36 .42
-158 -174 -168 -170 °

E-pl~ne
80

Figure K-8. Reflection coefficients for elements
in a 7x7 phased array.
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9x9 array 7 pulses/aperture

CENTER COLUMN

I+ + +

I + + + +
+ + +r

.30 . 7 .34 .35 .35
1280 1370 1380 1340 1390

.30 . 36 .33 35 .34 0
1290 1370 138o 135 138

.30 .36 0.34 .34 .35
1280 1380 1380 1350 1390

32 .37 35 .360 .36
i7 ° 134 o  1370 133 1370

. 30 .28
i0 1470 1500 1460 I

E-pl8ne
0

Figure K-9. Reflection coefficients for elements
in a 9x9 phased array.
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A

9x9 array 7 pulses/aperture

-I

CENTER COLUMN

37 .43 .42 .41 49
i750 1650 175 0 11660 ;79 °

.In .38 .17 .36 .37
_17 °  170 _170 °  170 _171 o

7?R .15 .15 .31 .3T
169 1.7q 0  -1700 1700 1700

.P.R .35 .34 .33 .34

-1690 178 -1700 1770 1700

.28 34 .34 .33 .34
-169 78 170 78° -1710

.27 .34 .33 33 33

02 *170 i90 , 04 0

-170 0 1770 -171 ° 1780 -172 °

.P8 o .i36 0 .33 0 .34 0 .34 0-171 ° 177 °  173 ° 1790 _174 °

.27 .35 0.33 0.33 0.34

-1640 -176 -169 -174 170

.06 .16 .11 .14 .15
15qO 1800 1710 -1770 _1730

E-plne
30

Figure K-10. Reflection coefficients for elements
in a 9x9 phased array.
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9x9 array 7 pulses/aperture

4

CENTER COLUMN

.-1 7 174 ( .168 ° -168 °3 _1710
3441

48 c  . 4P - 0  * _ 5 40 0(1.W :1S j;4: z;;:: %1O

.51 .6S . 5 .9 0
-13 -154 -1470 -14 -151

.50 .59 .50 .57 .52
-135 -1 140 _470 _m4°

.51 .60 .52 .57:135 c 153 0 -14801 -1 .'50

.51 !.61 0.53 0.57 .55
S-135q -153 ° -147 ° -14Q ° -1480

.51 .60 .54 .57 1.55
1 -1350 - 0 -146 0 _]4q ° -1470

.48 .56 .52 .53 .50-134 c -149 0 1-1450i -1480 -1450

.29 .32 .31 .30 .31"136 -15 -152° -154° -153c

I E-plae
50

Figure K-1I. Reflection coefficients 'or elements
in j 9x9 phased array.
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(1q array 7 pul SOS /Aportll' Iwo-

C.NILN COLUMN

4 V, 11 1 . 11.0
4!1 r , U, . r1 r -1

4(1 4 0 o 14 545 -1480( -1.

.' .60 . ,46 .r47  .,

3 1 " , 1 . -.1 4 6 -] < -I _; 4 7

134 .1 3 0 . 51 0 . ! 0

11 53 4' 141 1411 -147 m
I " 1 .4 () ',7 .. 7 1 0

-13. -1! 3 -14 " -147 -1 1

.*0 4)

• 4,1 ) ti 487 .il 4 )

.14 0 3 .4 37 f) .41 1 11
I f 17, 6P - 1710

- -4

R fp 1,18o1

l-ltil)4 k-l?, I on lovf f ! v l vr'f t , ; f r o ml l , ts N

I1 a 90-t-d rr y



110 al rra~v S pul sts/aperttire

CLNTLR CULUMN

I+ t t

1.3o .16 .33 .34 .35S .34

.11 .37 .14 .15 *11; .141

.10 i36 .11 14 111~ *14

1 o' 1 -7) 14 0' 1 0 16 0 1

16 14q if 1  ;) 7 1 11 i ?Q14

03 -1 .e ) ~ ~ I W t1titi

_ I



ix1 I array pIises/aperture

CENTER COLUMN

I F *4-) 40 .41 A1 .40
1670' iso Ifn 150 670 1 qlO

_170q 1 0n S 0 16 o  O'n ] 0
I

^. ..1 , .34 0.33 0 0 330
-1O 1600 -1,9 0- 6_9. 70 7 0 °0

.7 .34 .33 .33 .34 . ?

-1110 1 61S -180 16q0 IO 16q

.27 .34 . .33 .33 .1?

0 l .0 0 0 0

1790 169" 79° .168 178 160

?7 .35 33 3.

17A 0 168__0 i9 0 's0 "7 i67 0.?7 ..35 1 .33

17,90 1680 1780 16 0 1760 170 °

^? 7/35 .3 . ,3 4 .3
0 0 .1 0 14

174 1 70 17 176 170

.n ,0 . 7 .1 1 15 146I90 4R 70,f 0 107l

Filtirt, K-14. Reflection coefficients for elements
in an llxUl phased array.
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lixII array S pulses/aperture

I=

CENTER COLUMN

.3 .44 .37 .41 40 *39 1
-i660 1770 1760 1780 --s0o0f-770

46 0 55 .47 .53 4Q .i0_i4S o 1-1690 _160 ° .163 ° -164 °_1 °  
,-0 0

.47 .58 .48 .55 .51 .53

.48 .58 .49 .55 .5? .53-1450 -16640O 158 0 -lSc L0 45i

.48 .59 . 50 .5 . 5 .
_145o .164o 59o -15o -162 * -57

.4,q .9 .5 .
. 6 .530 .540

.48 .60 .5;1 .;6 .t .56 :-1470 -1640 -1590 -l6fl 1610 -1600 I

.4 .50 .53 .57 .54 .r-1470 -140 - go -16 ° " 600 ol(0o

.40 .60 .54 .q6 0 55 .56

i450 1-1 0  -156-0 160 157 -60

400- 0 r? 0 .5? .54 .?6

46 61 158 10 157 .p0

.?4 14 31 1 1
~146" i4 ~1ji60 .?0 .1

A-pl1ne
50

Figure K-iS. Reflection coefficients for elements
in an l11 phased array.
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APPENDIX L I : - '

REFLECTION COEFFICIENT TABULATION: E-PLANE SCANNING
WITH RECTANGULAR WAVEGUIDE-FED APERTURES

FOR L/fW=2.25, 1=0.5714 ), - 4--

I .A

II

,I

g 1I

-i; I

H i . . 2 : : -- - . . . .. - " = = . . . :-I --



303 array 7 pulses/aperture

P E-pl ane

.110 .22 0 11ro0side: _ i47°  i47°  i47° I i
S.360 .500 0 00

167 161 i167__ (Broadside)

! I _,So :_o :_,o 60

11 0 22 1

I I .5o 1.73 1.5o

| I Fiqure L-I Reflection coefficients for elements I
S"in a 'x phased array. I

ii,
.31,

-15 Ii6 -5

4 163 .1

17 _ _ _ 17



I -

5x array 7 pulses/aperture

CE NTER COLUMNIF

+

.17 44 038 _0 0 ° 0
1340 134 i410 (Broadside)

0 "00
151 io i °57

.09 .18 .16

169 1670 1760

E-plane

CENTER COLUMN

.40 .47 44
-170 °  .770 _1710

35 0 ,44 ,38 0
171 163 171 °

.32 .410 .37 0
-1640 1750 -670 30

.25 34 .31-149 o  -i66 °  -156 o .

.1?
-3 26 -21

Figure L-2. Reflection coefficients for elements
in a 5x5 phased array.

164



I

I 5x; array 7 pulses/aperture

CENTER COLUMN

.76 .85 .77

- 50 -i480 -142 °0

o .540 .520
-104 -119 -113

I.55 5 .56-111 0"-i2°0 -ZT 120°0

I 37 .37 39
90°  1070 -1020

.2°  .13 .15
-23 31 -340

E-pl ~ne
I 60

Figure L-3. Reflection coefficients for elements

in a Sx5. phased array.
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_ ~ CA

F-i-A
Go- a%_ o l

z

0 0 0 0 a 03crf -0 0 xQ% 0 L. r
rr -iL n fnw Mco- %C 0-

L

cc1 "0.) % o c ) C 6

.OJ A

CC
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0 00
L) 0 0 0 0 UL

cc '-% er- -CD m. C~ N)O C C ,%
(Z L m .- .4- r' m.- C* m0o C
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Qxg array 7 pulses/aperture

CENTER COLUMN

_ + + t

+ + + "

__ __ _ __ _ __
o

__
n

1 
o 

1 R I5_
I + I

9q 39 . .33 .341350 043 1450 141 1450

14 40 37 38 38
0 0 10 1380 4

1324007 38

i ;0.o0 .18- .16 0 60 .170
i- | 600 i640 1710 1640 1700

E-plane 00 (Broadside)

Figure L-7. Reflection coefficients for elements
in a 9xQ phased array.
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9x9 array 7 pulses/aperture

CENTER COLUMN

.40°  .44 .46 .43 .46
-165 -1750 -166 °  -175 °  -1660

.30 .35 33 0 .35 .34 0i670 160 °  170 1610 170 °

.26 .33 .310 .32 .31 0
1800 .71°  -1770 1720 ,1790

.32 .39 .35 .37 .36
1730 1640 1740 1660 73°

12 0 .39 .35 .037 0 36 0373 °  1640 i73°  i66°  720

35 .43 .40_ 41 .41

0 j0 0 __0___
.179 U  i73 17Q °  174°  i780

33 .42 39 .40 .40
-70 -179 -174 -1770 -175 i

.230 .31 .30 .29 .30,
-147- -162 -55 °  -1590 -157

.11 .3 .o3 .04 .O3-3 L. 28 0 130 -

E-plane 300

Figure L-8. Reflection coefficients for elements
in a 9x9 phased array.
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Qx9 array 7 pulses/apertureI A

CENTER COLUMN

|
.76 .88 .78 .84 .80

-141 -154 -151 150 0 151 °

.52 60 .53 .57 .54
-116 °  _32° -0280 128 °

: _190

I. i.64 .73 .65 .70 .66 2
-1?4 °  .140 °  -55 -37 °  _1360 A

l.58 .64 .59 .620 .60

-119 °  -1340 9 _ __0 131 °  _130 °0

.A .67 .2 .65 .63
R .1330 0 0 0

.S6 .0 .58 .9p
110 .1? 4 0 0? 01?

.5 .. 54 .;4 . 5I .1080 1?2 0 -11890 17(10  -11qo

.37 .30 .39 .3q .3q

0 0 0 0-940 -110 0o °  1.07 -I7

.2 .14 0 .16 .150 .150

00

_2 -270 _ 2 °  _1

E-plane 600

Figure L-. Reflection coefficients for elements

in a 9x9 phased array.
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11x1l array 'l pulsres/apterture

CENTER COLUMN

7777 t

tt

t ++ t~

ttt t f t

+143 ti
0 .1 (10 .380 Y)

I j~~ 14~O -- -'-1 .14
11144 143 g144 143

1o 141 /1 118

*' *17I.1RI .17, 7
I f~ 1 I 1' 17 () 1401 1 47I

*fl~ .4 0 1(40 *

.1" I 1t

1'9 104 1) j ____

0" (1oi. i



I 3-

11xi arrav 5 pulseslaperture

CENTER COLUMN

1 0 180 0 _-7°  1 n°  , J 71°  tao 07 '°  o, -A
.3?0 . 0 . I 3 0 .7 36 ."16- Is 6 9 6 5
.? 10 . 40 33 33 .33 0
179 171 179 171 180 1720

30 .37 .35 .36 0 35 .35
174 165 175 °  1660 i740 167

, . 0  34 .31 .33 0 32 .3j 016q 161 173 163 170 I64
.30 .37 1 4 .35 .15 3f-

16q0  1620 1710 164 °  16o0  i64

14 .4". In-- 41 40 - 40
0 4 I j

6
40.i0 ., I HO

175 _ 1670 i Io i o 0 7....

4 10 7r, 0(7(1

-174 q7C 
A18 7' .7) ~ f

.3> ~ 740 3
153 6 7K -16? j 614 ~ -3 J 6.1w

.10 .0?

V F-p1ante 30

rQITh 90 -1 it-Ct i n (00tf i C i 11 " 1 ( 1 L411C11,
in in 11 WI pha'.e1 aPrroy.



11xlI arrav S pulses/aperture

CENTER COLUMN

.7? sAS .74 o7q o78 .78
-145o 1-1590 15/0 i56° 0 -17 °  -1560

.50 .59 .51 .55 .4 .54
_l?40 _1410 _11p °  _1370 _139 °  1370

.6? .7? .6) .68 .65 .67
-13?0 i4,0 -145 0 144 -146 0 144 °

.56 .64 .57 .61 1 59 .1
1 8 .1440 .1400 1400 -141 °  1400

.60 .60 .61 .66 .63 .65

.1280 1440 .140 °  _140 .1410 _1,40

.58 .65 .6 .60 .62
-125 141 °  - -60 .138 -1370 137

.a .N 610 . .6 .670
.1i°  _3 .3 °  .1;0 .7134 .130

, 60 q£7 sn 7 p

0 54 .i f3 .53

17 Y) o9 3 8 -30 -38

.?? .14 .15 .15 .1q0 .15
-?I°  - 330 _30 °  

-31 .310

E-plane 600

Figure 1-,:. Reflertion coetficlents for elements
in an llxll phased array.
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11)01 array r) pulses/aoerture

CENTER COLUMN

L2 .IJL1J _ 580 1490 150 _] 500

174 160 13 16

[16iL!6 167( 158 6

0 2 S[ 99 ?WL
_165 '158 1660: 16 =

*25~~W.30 10O .1' 0

7:0 147 60 15 10 1F
580] 1i00 LiQ 50 570 1;4

L 3 0 17:f 3'.6 3

71730  17 10 1710L.I~i 1 8  L0 ol E3

[jo3~o ~go 06 06 176
[-plane 300

0.02516X Wall Thickness-U.

Figure L-14. Reflection coefficients for elemlents
in an lixlI phased arraywith

non-xero wall thickness.
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IIx11 array 5 pulses/aperture C

CENTER COLUMN -

71-1

38 _ _

[ .65 .75 .66 .71 .69
0  .60 5 05g -150°  -165° j-]61°  -160 °  -1 -160 °

IS ,j i- FL4r,05

.9 0  Z8 .500
1 45 °  -141 °  -140 °  -14 °  -

.55 o .4 .S .60 .58 0 _

1 15 [150 -15i 3-=iE 9 0°

I I hick
-13n-zero -43o  77i .

177

-11013  1 E
310 F! .71Fo7. 77ro 7

:i 1 1- 1-173F70 [47°  477[11 ° 7

.4 n .o-zero a thcns . o

_' I " ___° _°°"_ ° i_7_{ 7°_
-- - - - - - -- - - - - - -- .-- -~ - ------ -
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APPENDIX M

REFLECTION COEFFICIENT TABULATION: H-PLANE SCANNING
WITH SQUARE WAVEGUIDE-FED APERTURES, L=0.5714X
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3x3 array 7 pulses/aperture

300

.24 .10 .15
1030 1180 )69

.39 .29 7P
106 °  l 1 °

.4 o  .10 .15
1030 180 9

500

1 ?0 .(a0|17? 76~ 157

.?7 .0 5 .230

98 92 I16

-1] 0 .09 .03
720 260 1570

800
0301.09 0 2 -

i57 260.720

i,.?3 .?5~ .2

16o  q? q A

.03 .09 .1?
15J7 -PA 720

I H-plane

1 FiqureM-]. Reflection coefficients for elements
in a 3x3 phased array.
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5x array 7 pulses/aperture

!0 706 .2o 1 . I 3; 0 'CENTER ROW

.40 .32 .33 .31 .94
10q °  1100 1110 109 o  1220 0

26 0 .16 0 17 0 .15 0 13
10 1160 220 1220 1610

H-plane

.93 .,21 01.17 0 .15 0 1 0 -CENTER ROW

0 .90o .170 ,i8 *99 0
8R6 71 83 101 196 5

C;8 11 .Ao -'? o 710

Fiqure M-1. Reflection coefficients for elements
in a 5xf6 phased array.
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5x5 array 7 pulses/aperture

I 16 .5 .18 0.21 0.23o -e CENTER ROW - -

1080 680 540 570 840 CNE RO

.22 .19 .17 .20 .23
1260 1010 830 710 860

.7 .0M .11 .14 .12S710 ~11 0 -6 0 11 0 58 0

H-81 ane
80

Figure M-3. Reflection coefficients for elements
in a 5x5 phased array.
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7x7 arra.y 7 pulses/aperture

11! °~ ~~~1 P14 ls!n u I7

.00 0 ... ... CENTER ROW
I l0__o  !l1Ho  107 0 90 -0

IF,_ 10 13970 10 2 1

0v

113 1 111 i0  i 1 .1 0

.3 1 .4 cP.35 31 IIli ; 140 1jo 0 0 j10 Ii0

?~'16 .20 0 1 4 .1 is
jtoiT~ 0  jq0 175 2 0 160

H-p~ane
30

Figure M-4. Reflection coefficients for elements
in a 707 Phased array.
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I 7x7 array 7 pulses/aperture

.230 .200 .'16 .130 .13 0 .150 .17 0 CENTER ROW
790 56 540 660 850 99 127

.22 .*0 .17 .16 .17 .17 18

0~ "6 o  0 o 3 06 O ° i9I
. I2.1 .16 .15 .18 . ?'3
82 0 (;? 70 83 0 060  i6?o i1 9 0

.1? .15 .14 .11 .07 .O 07
01 0 IH 0010 o 6,05 __-__ _-11 -1.6' o __ 120 °

H-plage
50

Figure M-;. Reflection coefficients for elements
in a 7x7 phased array.
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7x 7 array 7 pulses/aperture

.17 -I 1 1 .1 6  ?1 -CENTER ROW
i17 QqO Pq 670 54 5 7 0

1 .17 .17 .1.6 .17 .90 .fl
1090 ,Poi 6o _jo 48 3 q 0

2? .18 .15 .16 .19 .72
___ .00 °090 960 30 67 6 81°

07 .03 .07 011 .14 .150 13

_0 14 1 -11 -16 0 .I0 51

H-pla~e
so

Figure M-6. Reflection coefficients for elements
in a 7x7 phased array.
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APPENDIX N

REFLECTION COEFFICIENT TABULATION: H-PLANE SCANNING WITHi

RECTANGULAR WAVEGIJIDE-FFP APERTURFS FOR L,/W=').2?, L=Of;714X

A

A
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.17 .05 07
*1 ?1 .07f°

90 1 6 1"7

1 7 07 O

710 lq

0 1

" Ok 0 l 1 . nL ' 0

.07 .14 .07

0 060 -1 1c) 1660

.07 14 .07 I
60 0

Figure N-1. Reflectioi coeffirients for elomints
in a 3x3 phased ar'ay.
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55 array 7 pulses/aperture

.42 .37 .39 .37 .33
1180 1220 1230 1230 1320 "a--CENTER ROW

.33 .25 .27 .24 .23 300
1250 133 0 1350 1350 1580 300

5 ,07 0 05 .06 0 0810 33°  39°  9 .91o ,-

H-plane

.20 .15 0 ,14 .16 .22 -- CENTER ROW 19 3 ° 12 4 ° 12

1390 1360 1420 1400 14201

.12 0 ,03 0 .0l .03 .13

158°  1410 1570 1530 163°  600

.13 ,26 ,28 .25 .12

.18°  -14 _140 014°  
-221

Figure N-2. Reflection coefficients for elements
in a 5x5 phased array.
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APPENDIX 0

COMPUTER PROGRAM

A listinq of the fortran computer pronram used to calculate -
reflectinn coefficients for wavequide-fed apertures in a finite'
phased array is qiven in this appendix. The input parameters are
discussed within the proqram. The program is set up to analyze a

finite array of arhitrary size. The dinwnslons of the matrices VT,
YWG, YHS, PS, C7, PHA7F, R, T, and YR must he specified for a par-
ticular array size. The output consists of the first row of the
half-space admittance matrix, the upper riqht trianqle of the self-
block [yWg) of the wavequide admittanLe matrix, the first. row
of the tota'i*dmittance matrix, and the excitation current matrix.
The system of equations is then solved and the voltaqe response (in

volts) is printed out in normalized amplitude, amplitude, and phase.
Next. the aperture reflection and transmission coefficients arp printed
out in amplitude and phase. The corresponding incident and reflected

fields are also printed out. Also printed out are the aperture ad-

mi ttances.

Sample output is qiven for a 3x3 phased array of rectanqular
waveguide-fed apgrtures with seven pulse hases per aperture (N -7)
for an -plane 0 (broadside) scan anqle. The reflection coefficient
data corresponds tu Figure L-1.
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rUf'PLL~ V A t* I WtL V11VT A IV1 U' l~r,VP IF OALF14

CALL LWI(LL (,s)
CALL As.Sj%-K(tALVvV.' O.O,c)

(AL.L Ut~

led A.)~
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7 1l
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